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Abstract

This thesis examines several known control algorithms for a platoon of ten slot car

vehicles, such as a predecessor-following concept, leader-following concept, combination

of these two concepts and a bidirectional algorithm. Pros and cons of these algorithms

are analytically and experimentally assessed, in particular the so-called string stability,

and compared with the LQR controllers. An insight into known mathematical models

of the platoon is given by using three formalisms: state space, decentralized state space

and 2-D polynomial approach. The experiments are carried out on a platform developed

for these purposes. The platform is based on commercially available racing slot cars

made by Carrera company equipped with an onboard 32-bit microcontroller-based control

system. The assembled PCB board was provided by the Freescale Semiconductor, Rožnov

pod Radhoštěm, Czech Republic, within their Freescale Race Challenge 2012. A few

additional components such as an infrared range sensor and a wireless communication

module have been added to the original system. Technical parameters of the platform

and mathematical model of the slot cars are described in the thesis.

Abstrakt

Tato práce zkoumá známé algoritmy pro ř́ızeńı kolon na deseti autodráhových aut́ıčkách,

jako jsou ř́ızeńı k předch̊udci, ř́ızeńı k v̊udci, kombinace obou těchto př́ıstup̊u a také

obousměrné ř́ızeńı. Dále analyticky a experimentálně vyšetřuje klady a zápory těchto

algoritmů, vlastnost zvanou stringová stabilita a porovnává jejich výkon s LQR ř́ızeńım.

V práci je uveden přehled možných matematický model̊u ř́ızeńı kolony pomoćı tř́ı formalismů:

stavový popis, decentralizovaný stavový popis a 2-D polynomiálńı př́ıstup. Experimenty

jsou provedeny na platformě, která k tomuto účelu byla v rámci práce sestrojena. Tento

př́ıpravek je možné umı́stit uvnitř mı́stnosti a je tvořen ekonomicky dostupnými autodráhovými

aut́ıčky od výrobce Carrera. Aut́ıčka maj́ı 32-bitový mikropoč́ıtač umı́stěný na desce

plošných spoj̊u. Ta byla poskytnuta společnost́ı Freescale Semiconductor, Rožnov pod

Radhoštěm, Česká republika, v rámci soutěže Freescale Race Challenge 2012. Aut́ıčka

byla následně dovybavena daľśımi součástkami: infračerveným vzdálenostńım senzorem a

bezdrátovým komunikačńım modulem. Technické parametry této experimentálńı platformy

a matematický model použitých aut jsou také součást́ı diplomové práce.
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1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3.1 Platooning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3.2 Electronics of the vehicle . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Content . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Design modification of electronics 5

2.1 Original design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 H-bridge and motor current . . . . . . . . . . . . . . . . . . . . . 6

2.2 Velocity measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Optical encoder on axis . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.2 Estimation from current . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Distance measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.1 Infrared sensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.2 Calculation from odometry . . . . . . . . . . . . . . . . . . . . . . 12

2.4 Wireless communication . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Control of the car . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.6 Hardware modifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.7 Overall schematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Modeling of the dynamics 18

3.1 Single car . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18



CONTENTS VII

3.1.1 Model of the car . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.2 Identification of the constants . . . . . . . . . . . . . . . . . . . . 19

3.1.3 Control of the single car . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Platoon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2.1 Finite length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2.2 Infinite length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Control design 30

4.1 Control algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Predecessor following algorithm . . . . . . . . . . . . . . . . . . . 30

4.1.2 Leader following algorithm . . . . . . . . . . . . . . . . . . . . . . 31

4.1.3 Spatial IIR algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1.4 Bidirectional algorithm . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 String stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.2.2 String stability of controlling algorithms . . . . . . . . . . . . . . 35

4.2.3 String stability and 2D BIBO stability . . . . . . . . . . . . . . . 38

4.3 State-space LQR approach . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3.1 Levine and Athans configuration . . . . . . . . . . . . . . . . . . 39

4.3.2 Melzer and Kuo . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.3.3 Jovanovich and Bamieh . . . . . . . . . . . . . . . . . . . . . . . 42

5 Experiments and simulations 43

5.1 Reference-distance change . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.1.1 Predecessor following algorithm . . . . . . . . . . . . . . . . . . . 44

5.1.2 Leader following algorithm . . . . . . . . . . . . . . . . . . . . . . 45

5.1.3 Bidirectional algorithm . . . . . . . . . . . . . . . . . . . . . . . . 45

5.1.4 Spatial IIR algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.2 Change of the platoon leader’s velocity . . . . . . . . . . . . . . . . . . . 47

5.2.1 Predecessor following algorithm . . . . . . . . . . . . . . . . . . . 48

5.2.2 Leader following algorithm . . . . . . . . . . . . . . . . . . . . . . 49

5.2.3 Bidirectional algorithm . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2.4 Spatial IIR algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.3 LQR controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.3.1 Reference distance change for all vehicles . . . . . . . . . . . . . . 52



CONTENTS VIII

5.3.2 Reference distance change for the first vehicle . . . . . . . . . . . 54

6 Conclusion 55

A LZ1 transform 61

B XBee packets and PCB schematic 63



LIST OF FIGURES IX

List of Figures

1.1 Real car platoon experiments . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 Block scheme of the provided PCB. . . . . . . . . . . . . . . . . . . . . . 6

2.2 Current sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Scheme of alternative current measuring circuit . . . . . . . . . . . . . . 8

2.4 Velocity sensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.5 Output voltage of the velocity sensor at a constant velocity of the car. . . 9

2.6 Oscillations of the motor current for three different values of applied voltage

on the motor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.7 Periodical signals in the filtered current signal with detected peaks . . . . 11

2.8 Analog infrared sensor SHARP GP2D120 . . . . . . . . . . . . . . . . . . 11

2.9 Screenshot of Android application controlling slot car. . . . . . . . . . . . 14

2.10 Carrera Ford Capri RS Tuner 3 with a hole cut in the side revealing the

controller PCB inside. IR proximity sensor attached to the front. . . . . 15

2.11 Fully disassembled car (of a different color). All car parts except connecting

wires are shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.12 Closer look on the assembled PCB board provided by Freescale Semiconductor

inserted into a car. XBee module is placed under the roof and the voltage

controllers are hidden under the board. . . . . . . . . . . . . . . . . . . . 16

2.13 Conceptual scheme of measuring devices . . . . . . . . . . . . . . . . . . 16

2.14 Electronic scheme with additional electronic components . . . . . . . . . 17

3.1 Experiment to measure constant kt. Motor current and generated force

are simultaneously measured. . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Measurement of constants kt and R . . . . . . . . . . . . . . . . . . . . . 20

3.3 Measurement of ke . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.4 Torque caused by friction. . . . . . . . . . . . . . . . . . . . . . . . . . . 22



LIST OF FIGURES X

3.5 Comparison of the measured velocity and the velocity simulated by the

model of the car. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.6 Cascade structure of the feedback controllers: current, velocity, position/distance 24

3.7 Bode characteristics of the three complementary sensitivity functions for

the current, velocity and distance loops. . . . . . . . . . . . . . . . . . . 24

3.8 Performance of the current controller in two situations: (i) with spinning

wheels on the left, (ii) with wheels stalled by hand on the right. . . . . . 25

3.9 Reactions of the car on the steps in the reference signal. Simulation is

compared with measurements. . . . . . . . . . . . . . . . . . . . . . . . . 25

3.10 Platoon of vehicles with leader (indexed by 0). . . . . . . . . . . . . . . . 26

4.1 Predecessor following algorithm scheme . . . . . . . . . . . . . . . . . . . 31

4.2 Leader following algorithm scheme . . . . . . . . . . . . . . . . . . . . . 32

4.3 Spatial IIR algorithm scheme . . . . . . . . . . . . . . . . . . . . . . . . 32

4.4 Bidirectional algorithm scheme . . . . . . . . . . . . . . . . . . . . . . . 34

4.5 Eigenvalues of ARE solution for 100 vehicles for Levine and Athans configuration. 40

4.6 Eigenvalues of ARE solution for 100 vehicles for Melzer and Kuo configuration. 41

4.7 Eigenvalues of ARE solution for 100 vehicles for Jovanovich and Bamieh

configuration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.1 Inter-car distances in response to change in dref for the Predecessor following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.2 Velocities of cars in response to change in dref for the Predecessor following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.3 Inter-car distances in response to change in dref for the Leader following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.4 Velocities of cars in response to change in dref for the Leader following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.5 Inter-car distances in response to change in dref for the Bidirectional

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5.6 Velocities of cars in response to change in dref for the Bidirectional algorithm. 46

5.7 Simulation of distances and velocities of fifty cars in response to change in

dref for the Bidirectional algorithm. . . . . . . . . . . . . . . . . . . . . . 47

5.8 Simulation of distances and velocities of fifty cars in response to change in

dref for the Spatial IIR algorithm. . . . . . . . . . . . . . . . . . . . . . . 47



LIST OF FIGURES XI

5.9 Inter-car distances in response to change in v0ref for the Predecessor following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.10 Velocities of cars in response to change in v0ref for the Predecessor following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.11 Simulation of distances and velocities of fifty cars in response to change in

v0ref for the Predecessor following algorithm. . . . . . . . . . . . . . . . . 49

5.12 Inter-car distances in response to change in v0ref for the Leader following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.13 Velocities of cars in response to change in v0ref for the Leader following

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.14 Inter-car distances in response to change in v0ref for the Bidirectional

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.15 Velocities of cars in response to change in v0ref for the Bidirectional algorithm. 51

5.16 Simulation of distances and velocities of fifty cars in response to change in

v0ref for the Bidirectional algorithm. . . . . . . . . . . . . . . . . . . . . 51

5.17 Simulation of distances and velocities of fifty cars in response to change in

v0ref for the Spatial IIR algorithm. . . . . . . . . . . . . . . . . . . . . . 52

5.18 Simulation of distances and velocities of fifty cars in response to change in

dref for the Levine and Athans controller configuration. . . . . . . . . . . 53

5.19 Simulation of distances and velocities of fifty cars in response to change in

dref for the Melzer and Kuo controller configuration. . . . . . . . . . . . 53

5.20 Simulation of distances and velocities of fifty cars in response to change in

dref for the Jovanovich and Bamieh controller configuration. . . . . . . . 54

5.21 Simulation of distances and velocities of fifty cars in response to change in

d1ref for all the LQR controller configurations. . . . . . . . . . . . . . . . 54

B.1 Structure of a RX packet from documentation available at Digi website . 63

B.2 Structure of a TX packet from documentation available at Digi website . 63

B.3 Electronic scheme of the PCB designed by Freescale Semiconductor . . . 64



CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

1.1 Motivation

The concept of a long platoon (or a string) of independently controlled vehicles has

been studied since 1960s. The motivation has apparently been to solve various problems

related to traffic control such as increasing traffic capacity, decreasing the driver’s stress,

while allowing him to pay attention to other duties, reducing the fuel consumption and

improving the transportation safety. This field was reexamined in last decade and many

papers were published on this topic.

Experiments on real cars is intensively studied in recent years. A highly advanced

program experimenting with real car platoons is California PATH program, which manage

to drive 8 real cars on a highway already 15 years ago. These cars were driving at 60 mph

with only 6.5 meters spacing between each other. Interested readers are referred to [1].

Several other platooning experiments were later conducted in this program.

Another currently-in-progress program experimenting in platooning is European Project

SARTRE, which is led by Ricardo UK Ltd and closely cooperates with Volvo company

as a result, first functioning real car platoon is demonstrated (see [2]).

Platoons of two cars (leader and follower) is even quite common in these days.

Adaptive Cruise Control (ACC) is state of the art cruise controllers and it enables to

set safety distance to the preceding vehicle. The system is capable to measure distance

to the front vehicle and adjust the speed of the car to keep a desired distance. ACC

is currently deployed in most of the modern cars such as Porsche, BMW, Volkswagen,

Ford, TWR etc. However, there is no communication between the leader and the follower,

more interestingly, the leader might not even know that is leading other car. Therefore
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(a) Photography of experiments with 8 cars in
California PATH program from [1]

(b) Photography of experiments in Project
SARTRE from [2]

Figure 1.1: Real car platoon experiments

the distance between the cars is kept long enough to enable a safe stop of the follower

without any risk on crash. This system is certainly a relieve for a driver, though there

is no significant reduction of fuel consumption, since the distance is too long to use the

effect of the wind tunnel.

Last but not least motivation of this thesis was to extend already gained experience

with platooning experiments, see [3].

1.2 Contribution

There are several points of view of how to evaluate the contribution of this thesis.

One outcome of this thesis is a design of prototype platform for various types of

experiments on advanced control of the platoon of vehicles. Other experiments investigating

the effect of communication delay on the platoon control is simultaneously examined in

diploma thesis by Karel Němec. The repetitive learning control experiments are other

possible utilization of the platform.

Another outcome is the presentation of the popular control algorithms in the field of

vehicular platooning. These algorithms are thoroughly examined, their pros and cons are

accessed and ultimately simulated with a mathematical model of the car.

The final contribution is experimental verification of three (from total four) algorithms

on ten slot car vehicles on a circular (infinite) track. These algorithms are easy to

simulate, yet their practical feasibility is tricky. This introduces several new problems

to solve, such as measuring the distance to the leader of the platoon, the delay in
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communication between vehicles, different mathematical models of the vehicles etc. They

are discussed in this thesis.

1.3 Related work

1.3.1 Platooning

The early theoretical treatments of platooning are published in [4] and [5]. The control

design problem for a long but finite string of vehicles is solved by applying the standard

LQ-optimal control design methodology. Moreover, [6], which introduces the bilateral

z-transform in order to extend the LQ setting to an infinite vehicular strings. In addition,

[7] deals with the same setting of the bilateral z-transform but with enforced spatial

constraints on the distributed controller.

Other noteworthy publication [8] introduces the term asymptotic stability, later extended

and (re)named to string stability by [9]. Considering this new concept of stability, [10]

demonstrates that it is impossible to achieve a string stability by measuring only a

distance to the vehicle ahead and using a local PID controller. [11] later argues that

not only a PID but every linear controller is incapable of string stabilization of a platoon

with such a measurement configuration. The last decade has witnessed a new interest in

the vehicular platooning problem exploting recent results on spatially distributed systems,

such as [12], [13], [14], [15] and [16]. In fact, some of these advanced results provied new

insight into the research area which was already considered explored enough. Namely, [17]

showes that the problem of state feedback stabilization of the platoon in the spirit of the

original papers [4], [5] and [6] is inherently ill-conditioned. In other words, it is not

possible to string-stabilize an infinitely long platoon of vehicles. On the other hand, it

makes a good sense to aim at reducing the divergence rate. Some improvements are

proposed in [18].

Similar experiments with the platooning were conducted with the platform LEGO

Mindstorms NXT reported in [19]. Lego Mindstorms turned out to be a well performing

platform but it lacks in versatility. Bluetooth communication turned out to be inefficient

for our purposes and also absence of the circular track was inconvenient.
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1.3.2 Electronics of the vehicle

The main part of the car electronics, the PCB, was provided by Freescale Semiconductor,

Rožnov pod Radhoštěm, Czech Republic. They provided a fully assembled PCB board

within their Freescale Race Challenge 2012 competition of individual autonomous slot

cars organized for student teams in Czech and Slovak republics.

First five cars equipped with XBee module and distance sensor (without velocity

sensor) were assembled during the team project with colleagues Karel Němec, Jaroslav

Marek and Jan Auersvald.

1.4 Content

Chapter 2 introduces the electronic equipment of the car. It discusses how velocity,

distance and current are measured. It also briefly shows how the car was constructed and

gives an insight into a wireless communication between cars.

Chapter 3 begins with discussion of how the model of an individual car was developed

and identified, and how the controlling algorithm for the car was designed. The second

part of this chapter begins with the core of the thesis by showing possible mathematical

models of the platoon.

Chapter 4 thoroughly discusses several controlling algorithms for the platoon as well

as the term of string stability. It also shows an LQR controllers as an possible alternative.

Chapter 5 documents the experiments with various types of the controlling algorithms.

It graphically shows characteristic phenomena present in the platoon control.

Chapter 6 summarizes the results of the thesis. It gives the final comparison of all

implemented controllers.

To keep the fluency of the thesis several appendices are included dealing with the LZ1

transform properties, XBee wireless packets and the complete electronic scheme of the

PCB.
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Chapter 2

Design modification of electronics

2.1 Original design

2.1.1 Overview

The PCB was designed by Freescale Semiconductor, Rožnov pod Radhoštěm, and is

offered for free to the student teams participating in the Freescale Race Challenge competition

where single autonomous cars compete in driving ten laps as fast as possible with the

actual shape of the track unknown before the competition.

The basic block diagram is shown in Fig.2.1. A detailed documentation of the PCB

is available at [20] and more detailed schematic is given in Appendix B. The PCB was

used as a platform for additional electronic components such as a wireless communication

module, a distance measurement sensor and a velocity measurement sensor, see Fig.2.14.

The PCB is populated with 64-pin 32-bit MCF51JM64 microcontroller from ColdFire

series, running at 3.3 V and 48 MHz with 64 KB Flash memory and 16 KB RAM. Another

key component is MC33931 H-bridge operating at 13.6 V and 8 kHz. Additionally, two

voltage regulators 7805 and LF33CV convert the rectified track voltage 13.6 V to 5 V

and to 3.3 V, respectively. These regulators are not parts of the original PCB. 3M Card

Connector provides data logging to a microSD card. This is for the basic equipment

as provided by Freescale Semiconductor. The extra hardware added to measure velocity

and distance, and to enable wireless communication is described in the dedicated sections

below.

The microcontroller’s own 12-bit A/D converters operates at 3.3 V. Voltage (in Volts)
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Figure 2.1: Block scheme of the provided PCB.

measured by the A/D converters is calculated by

U =
3.3 ·N

212
, (2.1)

where N is an integer number returned from the A/D converter. A single-polarity voltage

can only be measured.

Note that the accelerometer populated on PCB, is not used in our experiments.

2.1.2 H-bridge and motor current

PWM generation

The motor is powered by the PWM signal from the H-bridge. The H-bridge is operated

from the microcontroller using Timer2 switched to PWM mode. The applied voltage

on the motor is controlled by the PWM duty cycle, which is set in the program with

resolution of 1
60

%. However, the actual PWM value on the motor is always 6.4% smaller

then, the duty cycle set in the program.

Motor current measurement

The PCB also provides measuring of the motor current. This is done by H-bridge, which

provides a portion of the motor load current on the so called feedback pin (FB pin). This
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is measured with the frequency of 8 kHz. The pin is connected to the analog low-pass RC

filter with bandwidth fbw = 590 Hz which filters disturbances caused by PWM frequency.

The resistor with RIR = 270Ω then converts the current to the voltage UIR measured by

the A/D converter.

Unfortunately, a portion of current provided on the FB pin is nonlinear with respect

to the motor current and data given in datasheet are not accurate enough to identify a

nonlinear behavior. Therefore, non-linearity was found out from the following experiment.

Various values of voltages were applied on the motor and wheels were braked by hand

to generate various values of current. Simultaneously, the current in the motor were

measured by a multimeter and compared with the current on the FB pin. A function

f(x) = a · xb was chosen to model non-linearity and Curve Fitting Toolbox from Matlab

was employed to find a and b parameters with the result

IM = 67 · (IFB)0.59, (2.2)

where IM stands for actual motor current and IFB is current on the feedback pin. This

experiment is depicted in Fig.2.2a, whereas Fig.2.2b shows the comparison of the current

calculated by function (2.2) and the motor current calculated by equation (more detail

is given in the next chapter)

IM =
Uin − ke · ω

R
, (2.3)

where Uin is voltage applied on the motor, ke is back-emf constant, ω is motor angular

velocity and R is resistance constant of the motor. The identification of these constants

are thoroughly explained in the next chapter.
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Though the motor current measurement is relatively accurate, one might ask for a

better measurement precision. A good alternative way is to add a resistor in the series

with the motor and measure the voltage on this resistor using a differential operational

amplifier (see Fig.2.3).

Figure 2.3: Scheme of alternative current measuring circuit

The motor current is then calculated by

IM = Uout
R1

R3RS

, (2.4)

under condition that R1 = R3 and R2 = R4. One has to be careful in choice of resistor RS

since it has to sustain even 2.5 A. The output of the amplifier is connected to a low-pass

RC filter to suppress the effect of the PWM signal on the measurement.

2.2 Velocity measurements

2.2.1 Optical encoder on axis

The car velocity is measured by the IR reflectance sensor QRE1113. The sensor is oriented

against a small paper with black and white stripes and operates on the same principle as

a rotary encoder, see Fig.2.4. The output of the sensor is connected to the so called Input

capture pin of the processors Timer1 making it possible to detect the paper black-white

threshold and to measure the time from the previous threshold detection.
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(a) Velocity sensor conceptual scheme (b) Velocity sensor photography

Figure 2.4: Velocity sensor

It is important to measure time periods both from black to black and from white to

white stripes, respectively. Since black and white stripe are detected for a different time

period even if the car is traveling at a constant speed (see Fig.2.5).

There are 4 black and 4 white stripes on the paper, the wheel radius is r = 9.2 mm

and the timer runs at the frequency finput capture = 3 MHz. The car velocity is then

v[mm/s] =
2πrfinput capture

4 · Cn

.
=

43.6 · 106

Cn

(2.5)

where Cn is the number of pulses in the timer from white-to-white or black-to-black stripe

detection.
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Figure 2.5: Output voltage of the velocity sensor at a constant velocity of the car.
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The implemented rate limiter limits the maximum velocity change from the previous

measurement to 200 mm · s−1. This precaution minimizes velocity measurement errors.

Additionally, the velocity is smoothed with the 8-sampled moving average filter.

A disadvantage of the sensor lies in its sampling dependency on the velocity of the

car. The slower the car moves the longer it takes to measure its velocity. Assuming the

average car velocity of 800 mm · s−1, the interval between measurements is 9.8 ms.

2.2.2 Estimation from current

An interesting phenomenon appears in the measuring of the motor current. Switching of

the rotor poles on the commutator causes oscillations of the current signal as is shown

in Fig.2.6. Though these oscillations do not significantly affect cars velocity, they can be

utilized to measure the velocity since they contain several periodical signals caused by

switching of the commutator.
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Figure 2.6: Oscillations of the motor current for three different values of applied voltage
on the motor

A filtered current with commented detected peaks is shown in Fig.2.7. This additional

velocity measurement was successfully implemented. Unfortunately it turned out that it

consumes too much processor time consuming and was scratched out.
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Figure 2.7: Periodical signals in the filtered current signal with detected peaks

2.3 Distance measurements

2.3.1 Infrared sensor

The distance to the vehicle ahead is measured by the analog infrared SHARP GP2D120

(see Fig.2.8) sensor with the range from 5 cm up to 50 cm. The sensor output is connected

to the A/D converter of the processor. The measured distance of the sensor is calculated

from voltage as

distance[mm] =
133000

voltage[mV]
. (2.6)

Figure 2.8: Analog infrared sensor SHARP GP2D120
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Distance is measured with frequency 800 Hz and is filtered with the 8-sample moving

average filter.

A disadvantage of the sensor is its ambiguous output. If an object is closer than 5 cm,

its output is the same as for much further objects. Another serious drawback lies in

limited range of the detection caused by the radius of the circular track. At the distance

about 30 cm a car gets out of the line-of-sight of the sensor. This limits the operational

distance from 5 cm to 30 cm. Though this limitation is prevailed by an advantage of

limitless track length. Both the distance measuring problems can be solved by using the

odometry, which is discussed in the next section.

2.3.2 Calculation from odometry

Distance measuring might be improved by using odometry from the velocity measurement.

Each car measures its total driven distance on the track and sends this value with the

period of 10 ms to the following car. The increment to the last measured distance is

calculated as

δdn+1(k) = (xn(k)− xn(k − 1))− (xn+1(k)− xn+1(k − 1)) (2.7)

This measurement is reliable only for a short time, then the error caused by integration

of odometry inaccuracies becomes large and the calibration of the distance from the sensor

is necessary to carry out.

2.4 Wireless communication

Wireless module

The communication of a leading car with operator’s computer and the communication

among the cars is realized by the XBee 802.15.4 OEM RF module from DIGI operating

at 3.3 V in the packetized API mode. The structure of the typical XBee packets is shown

in Appendix B and a more detailed documentation is available at [21].

A packetized communication has several advantages. It contains the packet length, the

source address and the packet identifier (used to determine the purpose of the packet).

Moreover, the module retries to send the packet if the receiver does not acknowledge

reception.

There are two possibilities of how to communicate between the cars, either using



CHAPTER 2. DESIGN MODIFICATION OF ELECTRONICS 13

one-to-one or one-to-all (broadcast) communication. The former way was chosen since the

experiment is supposed to simulate conditions where the broadcast communication is not

possible (e.g. due to large distances between cars). However, in situations when PC sends

a command to change a reference distance for all vehicles, the broadcast communication

is used to minimize time delay of a new command reception.

Wireless configuration

The module is designed to communicate with the processor via the UART serial interface.

A converter such as XBee Explorer USB is required to enable the connection between

the wireless module and a computer USB port. This device allows an easy configuration

of the XBee module employing the supplemented software X-CTU.

There are a few configuration settings that are to be in place before the first use of

the module. Those are a) a module address which has to be unique for all modules, b)

the modules Interface Data Rate and the processors SCI Baud rate have to be set to the

same value of communication speed, c) API option has to be enabled. Besides of these

settings there are several others that keep communication more secure.

More about wireless communication is in diploma thesis of Karel Němec.

2.5 Control of the car

The code for the car’s onboard microcontroller is created in the C language. In particular,

CodeWarrior Development Studio for Microcontrollers v6.3 from Freescale was used. A

template for a project is available at [20]. Uploading a compiled code to the microcontroler

is easy through the USB connector. However, debugging of the code is nearly impossible.

Control of the car from PC

Paralelly with the car’s program C-sharp application was developed for a wireleslly change

of car commands. The application works with the XBee Explorer USB and it serves very

well to accelerate program development. The application was used lated in platoon

experiments to send reference values for all cars. It can also serve as a limited debugging

tool, since it can receive data sent by the car.
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Control of the car from Android OS mobile phone

The car is also possible to control from a mobile phone with Android OS. This feature is

mainly for demonstrative purposes. Since mobile phones usually do not have implemented

XBee module, the phone communicates with the application on a computer via Bluetooth,

which re-sends commands to the car. For now, only one directional communication

is implemented, mainly the user of the phone sets the PWM duty cycle (see Fig.2.9).

However, this functionality can easily be extended if needed.

Figure 2.9: Screenshot of Android application controlling slot car.

2.6 Hardware modifications

The particular type of a vehicle is Ford Capri RS Tuner 3 shown in Fig.2.10. Since the

controller printed circuit board (PCB) provided by Freescale Semicondutor (see below)

does out not to fit into the interior of the car (the car dimensions are not readily available

before buying), the plastic corpus of the car had to be adjusted (cut). This leaves the car

a bit ugly with holes on its sides. Different (larger) cars could be bought, but we wanted

to use the available cars already purchased. Alternatively, the layout of the PCB board

could also be modified so that it fits into the chosen car, but with several assembled PCB

boards available for free from Freescale Semiconductor, it was decided to cut the plastic

corpus. When purchasing another type of a car, it may be useful to consider the shape

of the front fender for an easy installation of the infrared proximity sensor.
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Figure 2.10: Carrera Ford Capri RS Tuner 3 with a hole cut in the side revealing the
controller PCB inside. IR proximity sensor attached to the front.

It might be surprising but the assembly of one car took about 4 to 5 hours (see Fig.2.11

and Fig.2.12).

Figure 2.11: Fully disassembled car (of a different color). All car parts except connecting
wires are shown.
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Figure 2.12: Closer look on the assembled PCB board provided by Freescale
Semiconductor inserted into a car. XBee module is placed under the roof
and the voltage controllers are hidden under the board.

2.7 Overall schematics

A conceptual scheme of measuring devices with all sampling frequencies and filters is

shown in Fig.2.13. Design of PID controllers will be explained in the next chapter.

Figure 2.13: Conceptual scheme of measuring devices

The overall electrical schematic of the car is shown in Fig.2.14. All devices except the

PCB were chosen, bought and assembled within the diploma project.
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The analog output of the velocity sensor is directly connected to the digital input of

the processor. It works fine in our case since the signal was of good quality. However, it

would be better to add a capacitor to enhance the output signal and the Schmitt trigger

to have a full control of the logical threshold boundaries.

Figure 2.14: Electronic scheme with additional electronic components
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Chapter 3

Modeling of the dynamics

3.1 Single car

3.1.1 Model of the car

The dynamics of an individual vehicle is modeled by a moving mass on wheels driven

by a DC motor. Since the vehicle moves along a circular track in our experiments, only

one-dimensional translational dynamics model is sufficient for modeling its dynamics.

The well known equations for the electrical and mechanical parts of the model are

L
di(t)

dt
= −Ri(t)− keω(t) + u(t), (3.1)

J
dω(t)

dt
= kti(t)− bdω(t)− bssign(ω(t)), (3.2)

where i(t) stands for an electric current, u(t) is an electric voltage, ω(t) is an angular

velocity of the motor, R is a resistivity, L is an inductance, J is a moment of inertia, ke

is a back emf constant, kt is a motor torque constant, bs is a static friction coefficient and

bd is a dynamic friction coefficient.

By neglecting static friction bs a single input single output model of the car can be

derived

Gu→ω(s) =
kt

LJs2 + (JR + bL)s+ (bR + kekt)
, (3.3)

where applied voltage of the motor u(t) and the angular velocity of the motor ω(t) are

input and output of the model, respectively. Tge model for the translational velocity v(t)
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of the car is then

Gu→v(s) =
GBrkt

LJs2 + (JR + bL)s+ (bR + kekt)
, (3.4)

where r is a radius of the wheels and GB represents the gear box ratio from the DC motor

to the wheels.

3.1.2 Identification of the constants

Back Electromotive Force ke and torque kt constants

A nonconventional way (see [22]) to measure parameter kt is to attach an arm to the

motor, push it on scales and measure the force generated by the motor. Knowing length

of the arm l, generated force m · g and current flowing through the motor i, parameter

kt can be calculated by

kt =
l ·m · g

i
, (3.5)

Figure 3.1: Experiment to measure constant kt. Motor current and generated force are
simultaneously measured.

Note, that this type of experiment can also be utilized to measure the electrical

resistance of the motor R by assuming that we measure the input voltage. We can do

that because the motor is stalled. In this case, no back-emf voltage is induced on the

motor and the input voltage equals to the actual voltage on the motor. Data measured

in this experiment are shown in Fig.3.2.
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Figure 3.2: Measurement of constants kt and R

This linear approximation of the measurements yields kt = 0.0061 N · m · A−1 and

R = 5 Ω.

We do not need to separately measure constants ke since it is known fact that ke =

kt. However, we verify this fact. To determine constant ke the following experiment is

performed. To minimize friction of the motor we turn the car upside down and apply

a voltage on the motor uin. Let us wait for the time when the angular velocity steady

and measure current of the motor i (we took the average value of measurements) and the

angular velocity of the motor ω. Constant ke of a DC motor model can be computed by

ke =
uin −R · i

ω
=
uemf

ω
, (3.6)

where R is the electrical resistance of the motor and uemf is the voltage induced from

back-emf.
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By the measurement we obtain ke = 0.0061 V · rad−1 · s, which confirms the fact

ke = kt.

Inductance L and resistance R

The parameters L and R are measured by a special measuring device capable of measuring

inductance, resistance and capacitance at various frequencies. By this measurements, we

obtain L = 2 mH and R = 5Ω. We can see that the measured motor resistance is equal

to the value obtained by the previous experiment.

Moment of inertia J and friction b

Moment of inertia was identified as J = Jmotor + Jcar. Since Jmotor << Jcar, can be

approximated as J ≈ Jcar. Moreover

Jcar = mr2G2
B, (3.7)

where m is mass of the vehicle.

Observations of the car on the track results in finding model of a friction as a

combination of Coulomb (static) and viscous (dynamic) frictions, that is

Tf = bs + bd · ω, (3.8)

where bs represents static friction and bd dynamic friction, respectively.

The identification of these parameters was done by the following experiment. A

constant voltage was applied on the car on the track and the velocity and the motor

current were recorded after the velocity becomes steady. This was repeated several times

for various values of the voltage and for different cars. The torque caused by friction was

calculated as

Tf =
kt · i
ω

(3.9)

The outcome of this experiment is depicted in Fig.3.4.
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Figure 3.4: Torque caused by friction.

The last parameter needed for the model is the gearbox ratio between the motor and

the wheels. For the used cars it is GB = 1
3
, meaning that the motor is spinning faster

than wheels.

All vehicle parameters are summarized in Table.3.1.

Table 3.1: Vehicle parameters obtained by identification.

Parameter Value in SI units Parameter Value in SI units
R 5 Ω L 2E-3 H

J 10E-6 kg ·m2 ke 0.0061 V · rad−1 · s
kt 0.0061 N ·m · A−1 r 9.2 mm
m 0.115 kg bd 2.2 · 10−6 rad · s−1 · N ·m
bs 1.85 · 10−3 N ·m GB 1/3

Substituting the values of the physical parameters given in Table 3.1 into Eq.3.4 yields

Gcar =
8602

s2 + 2509s+ 40000
. (3.10)

This mathematical model is linear since static friction is neglected. A linear model is

convenient for simulations of a very large platoons.

However, for simulations of ten vehicles described in Chapter 4 a nonlinear model

described by Eq.3.2 is applied. To check this nonlinear model, several voltage values

were applied on the motor. The velocity of the actual car and the velocity calculated

from the mathematical model are compared in Fig.3.5. We can see a good agreement

between modeled and measured velocities.
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Figure 3.5: Comparison of the measured velocity and the velocity simulated by the model
of the car.

3.1.3 Control of the single car

A cascade controller structure, shown in Fig.3.6, was chosen to control a single car. The

control consists of three loops: current, velocity and distance, each of which is using a PI

controller.

The controlled loops were designed in the following manner. The current controller

was designed to have the largest possible bandwidth. The velocity loop was designed to

have about ten times narrower bandwidth. The distance loop was designed to have ten

times smaller loop than velocity loop.

The three controllers have the following transfer functions

PIcurrent =
14s+ 6400

s
, (3.11)

PIvelocity =
1.5s+ 0.5

s
, (3.12)

PIdistance =
2s+ 1

s
, (3.13)

where the current, velocity and distance controller have 8 kHz, 100 Hz and 20 Hz sampling

frequency, respectively.

The Bode characteristics of all three controlled loops with PI controllers are shown in

Fig.3.7.
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Figure 3.6: Cascade structure of the feedback controllers: current, velocity,
position/distance
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Figure 3.7: Bode characteristics of the three complementary sensitivity functions for the
current, velocity and distance loops.

The performance of the innermost loop (current loop) is shown Fig.3.8. Although

the current controller performs well in the situation when the wheels are stalled (panel

on the right), its regulation is worse for spinning wheels, when the back-emf voltage

cause oscillation of motor current as shown in Fig.2.6. These current oscillations should

be compensated by the current controller. However, the PI controller was able only to

partly compensate it. Fortunately it does not seem that current oscillations significantly

affect velocity of the car.
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Figure 3.8: Performance of the current controller in two situations: (i) with spinning
wheels on the left, (ii) with wheels stalled by hand on the right.

A single car is modeled as

Tvref→v =
25.8(s+ 0.33)

(s+ 27.5)(s+ 0.31)
≈ 27.5

s+ 27.5
=

β

s+ α
, (3.14)

where α = β = 27.5.

The similar experiment as in Fig.3.5 was performed to validate the mathematical

model of the car. Fig.3.9 shows a good agreement between simulations and observations.
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Figure 3.9: Reactions of the car on the steps in the reference signal. Simulation is
compared with measurements.
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3.2 Platoon

In this section several possible models of the platoon are discussed. They are separated

into two categories according to the capability of describing infinite platoons. Platoon of

vehicles with leader (indexed by 0) is depicted in Fig.3.10.

Figure 3.10: Platoon of vehicles with leader (indexed by 0).

3.2.1 Finite length

The state space formalism is a usual way of describing a system. This concept is popular

in modeling of finite-length platoon. Here, the model is derived only for three vehicles

since it is obvious how to extend the model for more vehicles.

Two state space configurations, mostly discussed in literature, will be shown hereafter.

Velocities and distances between vehicles

This model consists of (2 ·N)− 1 states, where N represents the number of vehicles in a

platoon, is described as

d

dt



v0

d1

v1

d2

v2


=



−α 0 0 0 0

1 0 −1 0 0

0 0 −α 0 0

0 0 1 0 −1

0 0 0 0 −α





v0

d1

v1

d2

v2


+



β 0 0

0 0 0

0 β 0

0 0 0

0 0 β



vref0

vref1

vref2

 (3.15)

where dn is distance between vehicles indexed n and n − 1 and vn is the velocity of the

n th vehicle.
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Driven distances and velocities

This model consists of 2 ·N states and its state space description is

d

dt



x0

v0

x1

v1

x2

v2


=



0 1 0 0 0 0

0 −α 0 0 0 0

0 0 0 1 0 0

0 0 0 −α 0 0

0 0 0 0 0 1

0 0 0 0 0 −α





x0

v0

x1

v1

x2

v2


+



0 0 0

β 0 0

0 0 0

0 β 0

0 0 0

0 0 β




vref0

vref1

vref2

 , (3.16)

where xn is the driven distance of the n th vehicle.

3.2.2 Infinite length

Both previous models are inconvenient for platoons with a large number of cars because

of the large-size matrices. Therefore, there were introduced other ways of how to model

large platoons.

Decentralized state space approach

A compact way of dealing with large state matrices was introduced by Chu [7]. He

expressed the state description as

d

dt

[
xk(t)

ẋk(t)

]
=

∞∑
j=−∞

Ak−j

[
xk(t)

ẋk(t)

]
+Buk(t), (3.17)

used the Z-transform and rewrote the state description into the following form

X(z, t) = A(z)X(z, t) +B · U(z, t) (3.18)

This formalism transforms Eq.3.15 into

X(z, t) =

[
−α 0

z−1 − 1 0

]
X(z, t) +

[
0

β

]
· U(z, t), (3.19)

where X(z, t) and U(z, t) are the Z-transforms of

[
vk(t)

dk+1(t)

]
and

[
vkref

]
, respectively.
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The state space description in Eq.3.16 changes into

X(z, t) =

[
0 1

0 −α

]
X(z, t) +

[
0

β

]
· U(z, t), (3.20)

where X(z, t) and U(z, t) are the Z-transforms of

[
xk(t)

vk(t)

]
and

[
vkref

]
, respectively.

Polynomial approach

Another compact way to describe a platoon is currently being examined by Šebek and

Hurák in [23] and in [24]. A platoon is described as a 2D system using the joint Laplace

and Z-transform denoted as LZ1 transform. The transform operates with variables s

and z, which correspond to time and spatial index of the vehicle, respectively.

The platoon system is described as

y(s, z) =
b(s, z)

a(s, z)
u(s, z) +

c(s, z)

a(s, z)
, (3.21)

and the controller as

u(s, z) =
q(s, z)

p(s, z)
e(s, z) +

d(s, z)

p(s, z)
, (3.22)

where

e(s, z) = yref (s, z)− y(s, z). (3.23)

and y(s, z) and u(s, z) represent plant output and input, respectively. 2D polynomials

a(s, z) and b(s, z) represent a system transfer function, c(s, z) is initial and boundary

conditions.

Rewriting y(s, z) and u(s, z) into the power series of z−1 yields

y(s, z) = y1(s)z
−1 + y2(s)z

−2 + . . . , (3.24)

u(s, z) = u1(s)z
−1 + u2(s)z

−2 + . . . , (3.25)

where yk(s) and uk(s) are the output and input of the car at position labeled n.

The distance between vehicles is described as

d(s, z) = x(s, z)(z−1 − 1), (3.26)

where x(s, z) is 2D polynomial describing a driven distance of the vehicles. In the same
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manner, the transfer function from vehicle’s velocity to distance between vehicles is

Gv(s, z) =
d(s, z)

v(s, z)
= Tvref→v(s)

z−1 − 1

s
. (3.27)

More about the LZ1 transform and its properties is given in Appendix A.
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Chapter 4

Control design

4.1 Control algorithms

In this section controlling algorithms used for the platoon of 10 cars are described. All

presented algorithms (except Spatial IIR) were tested by the experimental cars and by

mathematical-model simulations. Performances of the algorithms are shown in the next

chapter.

The core of each controlling algorithm is a PI controller with transfer function C(s) =
kps+ ki

s
, regulating its own input e(t) (error signal) to zero. The way how the input is

composed is what distinguishes the individual algorithms. The output of the controller

is denoted by uc,k(t), whereas uk(t) denotes a reference velocity for the velocity controller

described in the previous chapter. Usually uc,k(t) = uk(t) but in the algorithms discussed

in this section it does not apply.

It is also presumed that leader of the platoon (indexed by k = 0) is controlled by

some other means.

4.1.1 Predecessor following algorithm

The predecessor following algorithm is the most simple algorithm to control a platoon.

The car only measures distance to the preceding vehicle, in principle, it does not need to

communicate with other cars. The scheme in Fig.4.1 shows an alternative way of distance

notation between cars, where xk−1 and xk means total driven distance of vehicles with

indexes k − 1 and k, respectively. Such a notation is useful for performance analysis of

the algorithm.
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Figure 4.1: Predecessor following algorithm scheme

Fig.4.1 also shows an enhancement of the PI controller. The dashed line marked as

vref acts as a feed-forward for the car subsystem and it represents a reference velocity of

the whole platoon. The feed-forward is simply added to the output of the controller so

the integration part does not need to integrate that much, when the platoon reference

velocity changes (for example when the platoon starts). It does not effect the string

stability, though it can improve the performance of the system. In our experiments

the information about a platoon reference velocity is provided to all vehicles wirelessly

through XBee from PC once reference velocity is changed for all vehicles (not just leader).

As suggested above, the input of the controller is inter-vehicle distance xk−1(t)−xk(t)

minus the reference distance dref (t)

ekPF
(t) = xk−1(t)− xk(t)− dref (t) (4.1)

In the LZ1 formalism the input of the controller described as

e(s, z)PF = d(s, z)− dref = x(s, z)(z−1 − 1)− dref . (4.2)

4.1.2 Leader following algorithm

As the name indicates the leader following algorithm regulates a distance to the leader

as shown in Fig.4.2. There is no string created in the controlling loop in this type of

algorithm, since only a distance to the leader is what matters. But, in our case, all cars

have to cooperate since only inter-vehicular distances are measured. So, a communication

string of vehicles is created. Each car measures a distance to the preceding vehicle, the

increment of this value by its predecessor’s distance to the leader and send this value

to the following car. It should be noted that, for simplicity, the car physical length is

neglected since all cars are identical.
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Figure 4.2: Leader following algorithm scheme

The input of controller is

ekLF
(t) = x0(t)− xk(t)− k · dref (t) (4.3)

or, using LZ1

e(s, z)LF = x(s, z)(z−k − 1)− k · dref . (4.4)

4.1.3 Spatial IIR algorithm

The spatial IIR algorithm shown in Fig.4.3 combines above algorithms. The input of the

controller is the same as for the predecessor following algorithm but controller’s output

uk−1 of the preceding car is added to the controllers output. There is no need for the

feed-forward but wireless communication between cars is essential for this setting.

Figure 4.3: Spatial IIR algorithm scheme

The input of the controller is

ek = xk−1(t)− xk(t)− dref (t). (4.5)

or, in LZ1 transform

e(s, z)PF = d(s, z)− dref = x(s, z)(z−1 − 1)− dref (4.6)
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whereas the input of the car subsystem (reference velocity) is

uk(t) = uc,k(t) + uk−1(t) = uc,k(t) + uc,k−1(t) + uk−2(t) = . . . =
k∑

i=1

uc,i(t) + u0(t), (4.7)

where

k∑
i=1

uc,i(s) = (x0(s)− x1(s))C(s) + (x1(s)− x2(s))C(s) + . . .+ (xk−1(s)− xk(s))C(s)

(4.8)

= (x0(s)− xk(s))C(s), (4.9)

and xk(s) is the Laplace transform of signal xk(t).

In principle, the Spatial IIR algorithm is a leader following algorithm with the feed-forward

equal to the reference velocity of the leader. It is important to point out the difference

between this feed-forward and the feed-forward of the platoon reference velocity. The

former is the actual reference velocity of the leader, so when the leader for some reason

changes its velocity (for instance, it has to break due to an obstacle), the other vehicles

are notified about it, while in the latter case an external command is sent to adjust the

velocity of the whole platoon (for example to start the platoon).

4.1.4 Bidirectional algorithm

The bidirectional algorithm is yet another way to control a platoon. It is modification

of the predecessor following algorithm. The controller operates with distances to the

preceding and the following vehicles as shown in Fig.4.4. Theoretically, the vehicles do

not need to communicate but cars in our experiments are capable of measuring only

front distance (distance to predecessor). To make algorithm functioning, each car sends

a measured distance to its predecessor. The last car in the platoon is controlled by a

regular predecessor following algorithm.
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Figure 4.4: Bidirectional algorithm scheme

There are two separate PI controllers in this algorithm. One controls a distance to

predecessor (noted as the front controller) and the other controls a distance to follower

(noted as the back controller). The inputs of these controllers are

ef,k = xk−1 − xk − dref , (4.10)

eb,k = xk+1 − xk + dref , (4.11)

or, in LZ1 notation

ef (s, z) = d(s, z)− dref = x(s, z)(z−1 − 1)− dref , (4.12)

eb(s, z) = d(s, z)− dref = x(s, z)(z − 1) + dref . (4.13)

There are two possible configurations of this algorithm. First, a symmetric configuration

where Cf = Cb. In our case, Cf = Cb = 2s+1
s

. Second, an asymmetric configuration, where

Cf 6= Cb, Cf = 2s+1
s

and Cb = 1s+1
s

was chosen.

Due to time and space restrictions, only asymmetric configuration will be tested.

in other words controllers are not equal. It was chosen Cf = 2s+1
s

and Cb = 1s+1
s

.

For time reasons and also to save space, it will be tested and simulated only asymmetric

configuration.

4.2 String stability

This section introduces the term string stability as well as analytically derives whether

presented controlling algorithms are stable.
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4.2.1 Definition

String stability was introduced by [8] and it describes how an error signal propagates

through a platoon. A necessary condition for the string stability is∥∥∥∥ ei
ei−1

∥∥∥∥
∞

=

∥∥∥∥ xi
xi−1

∥∥∥∥
∞
≤ 1. (4.14)

In other words, a controlling algorithm is stable if an error signal is not amplified when

propagating through a platoon. The concept of string stability was later extended by [9]

for nonlinear systems.

It is important to note that even if the system is string unstable it can still be

utilized to control the platoon. This situation occurs in case of the Predecessor following

algorithm, when the system is string unstable but platoon of 10-slot cars did not crash.

However, it is inevitable that for a longer platoon or more demanding reference signals

they would crash.

4.2.2 String stability of controlling algorithms

Let us recall the model of our car,

Tv =
x

vref
=

27.5

s2 + 27.5s
=

β

s2 + α · s
, (4.15)

and of distance controller,

C =
kps+ ki

s
=

2s+ 1

s
(4.16)

where x is the driven distance of the vehicle and vref is a reference velocity of the vehicle,

which is a commanded velocity from the distance controller.

The feed-forward introduced in the previous section is not considered here since it

does not affect string stability.

Predecessor following

The input of the car with index k in the predecessor following algorithm is

uk = C(xk−1 − xk − dref ) =
xk
Tv
. (4.17)
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By this, it can be derived

TPF =
xk
xk−1

=
C

C +
1

Tv

=
(kps+ ki)β

s3 + α · s2 + kp · β · s+ ki · β
(4.18)

Evaluating H∞ norm of TPF yields

‖TPF‖∞ = 1.159 (4.19)

We can conclude that the platoon is string unstable since the norm is larger than one.

That is in agreement with the above mentioned results.

Leader following

Although the Leader following algorithm does not contain any topological string it will

be analytically shown that it is string stable. Driven distance of the car with index k is

xk = C
1

Tv
(x0 − xk − k · dref ). (4.20)

This can be rewritten as

x0 = xk(C · Tv + 1) + k · dref , (4.21)

or

x0 = xk−1(C · Tv + 1) + (k − 1) · dref . (4.22)

Therefore

xk(C · Tv + 1) + k · dref = xk−1(C · Tv + 1) + (k − 1) · dref (4.23)

and

TLF =
xk
xk−1

=
C · Tv + 1

C · Tv + 1
= 1. (4.24)

The norm, of TLF is also less than one, proving that the leader following algorithm is

string stable. However, this conclusion applies if it is possible to directly measure a

distance to the leader, which is in practice challenging. It does not take into account

delay in wireless transmission between vehicles. The effect of the delay is examined in

the diploma thesis of Karel Němec.
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Spatial IIR

It was already proven that Spatial IIR algorithm is the same as the Leader following

algorithm with feed-forward from leader’s reference velocities and that Leader following

algorithm is stable. Since feed-forward does not affect string stability, we can directly

say that Spatial IIR algorithm is also string stable.

Bidirectional algorithm

In the bidirectional algorithm there are two possible ways how the error can propagate

in a platoon, namely either to the front or to the rear.

Driven distance of the vehicle with index k is described as

xk = Tv · Cf (xk−1 − xk − dref ) + Tv · Cb(xk+1 − xk + dref ), (4.25)

where Cf and Cb are PI controllers for the front and rear distance, respectively. From

this, it can be derived that

TBD front =
xk
xk−1

=
TvCf

1 + TvCf + TvCb

, (4.26)

TBD back =
xk
xk+1

=
TvCb

1 + TvCf + TvCb

. (4.27)

We will investigate both possible configurations for this algorithm. The symmetric

configuration where Cf = Cb = 2s+1
s

are norm of complementary sensitivities

‖TBD front‖∞ = ‖TBD back‖∞ = 0.546. (4.28)

Hence, this means the platoon is string stable in this configuration. The asymmetric

configuration is examined with controllers Cf = 2s+1
s

and Cb = 1s+1
s

. Then

‖TBD front‖∞ = ‖ 145.2s+ 23.23

s3 + 58s2 + 145.2s+ 46.46
‖∞ = 0.725, (4.29)

‖TBD back‖∞ = ‖ 23.23

s3 + 58s2 + 145.2s+ 46.46
‖∞ = 0.5. (4.30)

The platoon is string stable also in this case.
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4.2.3 String stability and 2D BIBO stability

The second concept of stability that appears in literature is 2D BIBO stability. It is

recently being investigated by Hurák and Šebek in [23]. 2D BIBO stability is more

restrictive than string stability. Whereas string stability operates with disturbance impulses

in the platoon (i.e. changing the reference distance or reference velocity for one vehicle

without sending this information to other vehicles), the 2D BIBO stability allows any

bounded disturbance signal to act, as for instance, a step signal. (i.e. changing reference

distance for all vehicles).

The system is 2D BIBO stable if any signal in the platoon (output, error, input)

remains bounded as a response on the bounded disturbance signal. A more rigorous

definition is given in [25] (Theorem 4.3, pp. 126). A spatially distributed 2D system with

a coprime transfer f(s, z) = b(s, z)/a(s, z) is BIBO stable if

a(s, ejω) 6= ∀s ∈ C, ω ∈ R : R(s) ≤ 0, ω ∈ [0, 2π]. (4.31)

In other words, if the polynomial in s is stable after substituting for z a complex number

on the unit circle.

4.3 State-space LQR approach

This section examines another approach to stabilize a platoon. It employs a typical state

space model description and uses the LQR approach to stabilize it. It was originally

studied by Levine and Athans in [4] and, subsequently, by Melzer and Kuo in [5]. More

than 30 years later Jovanovich and Bamieh showed in [17] that both formulations are

effectively ill-posed and are incapable to stabilize large platoons. In this section, these

problems are recalled and controllers used for stabilization of our platoon are proposed.

The demonstration is given only for 3 vehicles since it is obvious how to extend it for

more vehicles. However, numerical simulations will be done for 50 vehicles.

Let us quickly recall the procedure of LQR controller design. For a system

ẋ = Ax+Bu, (4.32)

state feedback law u = −Kx is used, which minimizes the quadratic cost function

J(u) =

∫ ∞
0

(xTQx+ uTRu+ 2xTNu)dt. (4.33)
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Feedback gain K is calculated using the Algebraic Riccati equation (ARE)

ATS + SA− (SB +N)R−1(BTS +NT ) +Q = 0 (4.34)

as

K = R−1(BTS +NT ). (4.35)

To simplify the problem we choose N = 0.

We will focus on the maximal and minimal eigenvalues of the S (the solution of ARE)

and on maximal real part of the eigenvalues for A−BK (closed loop).

4.3.1 Levine and Athans configuration

Levine and Athans [4] used a configuration of velocities and distances between vehicles.

The system description of platoon with three vehicles for LQR design then looks as

d

dt



δv0

δd1

δv1

δd2

δv2


=



−α 0 0 0 0

1 0 −1 0 0

0 0 −α 0 0

0 0 1 0 −1

0 0 0 0 −α





δv0

δd1

δv1

δd2

δv2


+



β 0 0

0 0 0

0 β 0

0 0 0

0 0 β



δvref0

δvref1

δvref2

 , (4.36)

where δv0 is velocity error of the car with index 0 (leader), δd1 represents a distance error

between cars with indices 0 and 1, and N is the total number of vehicles (platoon leader

included).

The weighting matrices Q and R are diagonal of the form

Q =



p 0 0 0 0

0 q 0 0 0

0 0 p 0 0

0 0 0 q 0

0 0 0 0 p


, R =


r 0 0

0 r 0

0 0 r

 , (4.37)

where p, q and r penalize velocity error, distance error and input to the system, respectively.

For simulations p = 100 and q = r = 1 were chosen.

Values of λmax(S), λmin(S) and maxRe{λ(ACL} as a functions of the number of

vehicles are shown in Fig.4.5. We can see that the maximal eigenvalue grows with
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the increasing number of vehicles, ultimately making impossible to stabilize the system.

This results in the convergence of the closed loop dominant poles to the origin (stability

margin).
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Figure 4.5: Eigenvalues of ARE solution for 100 vehicles for Levine and Athans
configuration.

4.3.2 Melzer and Kuo

Melzer and Kuo [5] configuration consists of driven distance errors δεn and velocity errors

δvn of individual vehicles. A platoon is then described as

d

dt



δε0

δv0

δε1

δv1

δε2

δv2


=



0 1 0 0 0 0

0 −α 0 0 0 0

0 0 0 1 0 0

0 0 0 −α 0 0

0 0 0 0 0 1

0 0 0 0 0 −α





δε0

δv0

δε1

δv1

δε2

δv2


+



0 0 0

β 0 0

0 0 0

0 β 0

0 0 0

0 0 β




δvref0

δvref1

δvref2

 . (4.38)
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The weighting matrices Q and R are following

Q =



q 0 −q 0 0 0

0 p 0 0 0 0

0 0 q 0 −q 0

0 0 0 p 0 0

0 0 0 0 q 0

0 0 0 0 0 p


, R =


r 0 0

0 r 0

0 0 r

 . (4.39)

Since Q must be symmetric it is modified as

Qsym =
Q+QT

2
. (4.40)

The system was simulated with plq = 10 and qlq = rlq = 1.

The same analysis as in the previous case is depicted in Fig.4.6. In this case, the

minimal eigenvalue converges to zero, making more and more difficult to stabilize large

platoons. Dominant poles of the system are moving towards the stability margin, so it is

impossible to stabilize very large platoons.
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Figure 4.6: Eigenvalues of ARE solution for 100 vehicles for Melzer and Kuo
configuration.
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4.3.3 Jovanovich and Bamieh

Jovanovic and Bamieh [17] proposed the same model as (4.38) but they modified the

weighting matrix Q as

Q =



2q 0 −q 0 0 0

0 p 0 0 0 0

0 0 2q 0 −q 0

0 0 0 p 0 0

0 0 0 0 2q 0

0 0 0 0 0 p


. (4.41)

Weighting matrixR is the same as in (4.39) as well as mentioned values for the simulations.

The maximal and minimal eigenvalues of the solution to ARE are shown in Fig.4.7.

In this case, both minimal and maximal eigenvalues converge to non-zero value, resulting

in a stabilizable system even for very large (infinite) platoons.
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Figure 4.7: Eigenvalues of ARE solution for 100 vehicles for Jovanovich and Bamieh
configuration.

Not only numerical results but also a rigorous analysis of all the three configurations

were done by Jovanovich and Bamieh in [17].
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Chapter 5

Experiments and simulations

The measured data with the 10-vehicle platoon are now compared with simulations. To

keep results transparent only situations with interesting phenomena are presented. Each

algorithm is supplemented with 50-vehicle simulation to fully demonstrate characteristics

of the control algorithms.

Two typical situations were experimented and simulated with the platoon: (i) the

reference distance between cars (dref) is changed, (ii) the reference velocity of the platoon

leader (v0ref) is changed.

5.1 Reference-distance change

In this case, the reference distance (dref) between vehicles is showed via wireless communication.

This experiment is partly related to the 2D-BIBO stability, but it does not verify the

string stability.

This experiment is however quite unrealistic, since it is ill-conditioned. Changing the

reference distance for all vehicles results in unrealistic demands on the cars in platoon,

matter what algorithm is used. For example, if the first car has to get 10 meter closer to

the leader, the car on the position 100 has to drive 1000 meters, preferably simultaneously.

Nevertheless, it is an interesting way to stress the algorithms and compare their performances.

Let us note that changing the reference distance would be better done by sequential

commands for individual cars, which is in principle equal to the change of the leader’s

velocity.
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5.1.1 Predecessor following algorithm

The predecessor following algorithm is capable to stabilize small platoons such as ours as

Fig.5.1 and Fig.5.2 show. Even though the last car significantly overshoots the desired

inter-car distance, it does not collide with its predecessor.
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Figure 5.1: Inter-car distances in response to change in dref for the Predecessor following
algorithm.
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Figure 5.2: Velocities of cars in response to change in dref for the Predecessor following
algorithm.
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5.1.2 Leader following algorithm

There are two major differences between responses in the predecessor and leader following

algorithms. The first is depicted in Fig.5.3. The inter-car distances is changing at the

same time for all vehicles and not sequentially. A similar effect occurs in the velocity

response in Fig.5.4, where cars have to drive faster but for a shorter time than in the

previous case, though the total driven distance is the same.
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Figure 5.3: Inter-car distances in response to change in dref for the Leader following
algorithm.

81.5 82 82.5 83 83.5 84

900

1000

1100

1200

1300

1400

1500

Time [s]

   
   

 M
ea

su
re

d 
ac

tu
al

 v
el

oc
ity

 [m
m

s−
1 ]

 

 

81.5 82 82.5 83 83.5 84

900

1000

1100

1200

1300

1400

1500

Time [s]

   
   

 S
im

ul
at

ed
 

ac
tu

al
 v

el
oc

ity
 [m

m
s−

1 ]

 

 

Car 0 (leader)
Car 1
Car 3
Car 5
Car 7
Car 9 (last car)
Reference 
 velocity

Figure 5.4: Velocities of cars in response to change in dref for the Leader following
algorithm.

5.1.3 Bidirectional algorithm

The results of changes of the reference distance for the bidirectional algorithm are shown

in Fig.5.5 and Fig.5.6. The performance of cars is less impulsive and smoother in time

that that of the Predecessor following and even Leader following algorithms. Peaks of

the velocity signals are smaller compared to the previous case despite the fact that the
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reference distances were nearly doubled. Almost no amplification of the distance error as

Fig.5.7 shows is another important result.
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Figure 5.5: Inter-car distances in response to change in dref for the Bidirectional
algorithm.
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Figure 5.6: Velocities of cars in response to change in dref for the Bidirectional algorithm.
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Figure 5.7: Simulation of distances and velocities of fifty cars in response to change in
dref for the Bidirectional algorithm.

5.1.4 Spatial IIR algorithm

Simulation results of the Spatial IIR algorithm resemble those of the Leader following

algorithm. A significant difference is that the distances between vehicles remain for all

cars identically the same.
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Figure 5.8: Simulation of distances and velocities of fifty cars in response to change in
dref for the Spatial IIR algorithm.

5.2 Change of the platoon leader’s velocity

In the second situation, the reference velocity of the platoon leader (v0ref) is changed

without notifying other cars. This will verify the string stability of the controllers. Note

that it is a more realistic experiment than changing the reference distance for all vehicles.
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5.2.1 Predecessor following algorithm

Figs.5.9 and 5.10 show an instability of the platoon. Inter-car distances and velocities

of cars are amplified towards the end of a platoon. For a very large platoon without

any saturation limits this would ultimately lead to crash as shown in Fig.5.11, where

the distances between cars become negative. This result is in full agreement with the

analytical result discussed above.
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Figure 5.9: Inter-car distances in response to change in v0ref for the Predecessor following
algorithm.
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Figure 5.10: Velocities of cars in response to change in v0ref for the Predecessor following
algorithm.
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Figure 5.11: Simulation of distances and velocities of fifty cars in response to change in
v0ref for the Predecessor following algorithm.

5.2.2 Leader following algorithm

The string stability of the leader following algorithm is depicted in Fig.5.12 and Fig.5.13.

The velocities of the cars further in the platoon are not amplified. Both figures nicely

show a ”synchronous movement” of the followers. Their velocity profiles are identical in

the simulations and very similar in the real experiment. Therefore, only distance between

the leader and the first follower is changed, while distances between rest of the cars remain

the same. Simulations with a larger platoon were not done since they would be identical.
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Figure 5.12: Inter-car distances in response to change in v0ref for the Leader following
algorithm.
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Figure 5.13: Velocities of cars in response to change in v0ref for the Leader following
algorithm.

5.2.3 Bidirectional algorithm

The bidirectional algorithm is string stable (at least from the leader→ platoon end sense)

as shown in Fig.5.15. The maximal peak velocities of the following cars are the same,

only more distant cars have to drive with this velocity for a longer time as simulations in

Fig.5.16 show.
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Figure 5.14: Inter-car distances in response to change in v0ref for the Bidirectional
algorithm.
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Figure 5.15: Velocities of cars in response to change in v0ref for the Bidirectional
algorithm.
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Figure 5.16: Simulation of distances and velocities of fifty cars in response to change in
v0ref for the Bidirectional algorithm.

5.2.4 Spatial IIR algorithm

Simulation results of the Spatial IIR algorithm again resembles those of the Leader

following algorithm, though, this time results are significantly better. Since the leader
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automatically broadcasts its reference velocity, the other cars are notified about its

change. Therefore, they all accelerate in the same manner and the distances between

them remains unchanged. This type of algorithm is string stable. From the simulations

in Fig.5.17 it is even impossible to determine a number of vehicles in the platoon since

individual curves are overlapping. There were fifty cars in this simulation.
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Figure 5.17: Simulation of distances and velocities of fifty cars in response to change in
v0ref for the Spatial IIR algorithm.

5.3 LQR controllers

LQR controller is based on the concept that every car in the platoon knows the velocity

and distance of the other cars. This would require extensive wireless communication

between cars and also a compensation of the communication delays. Such a task exceeds

the original topic of this thesis, therefore only simulations on PC were made.

Two types of situations were simulated: (i) the reference distance (dref) is changed for

all cars, as in previous case, (ii) the reference distance (dref) is changed only for the first

car behind leader. The latter experiment imitates the situation when the leader changes

its velocity. We followed this alternative to simplify a simulation task since the string

instability exhibits in this case.

5.3.1 Reference distance change for all vehicles

Levine and Athans concept

The distance and velocity responses with Levine and Athans controller configuration are

symmetric around the values for the car in the middle of the platoon (see Fig.5.18). The

distance in front of the first car is the same as the distance in front of the last car for all

time instances. Another distinction is that the middle car does not change the velocity

while cars on the platoon edges need to go with the highest velocities.
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Figure 5.18: Simulation of distances and velocities of fifty cars in response to change in
dref for the Levine and Athans controller configuration.

Melzer and Kuo concept

Melzer and Kuo controller concept forces cars in front of the platoon drive faster as seen

from Fig.5.19. We can also see that the inter-vehicular error propagates from the back

to the front of the platoon.
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Figure 5.19: Simulation of distances and velocities of fifty cars in response to change in
dref for the Melzer and Kuo controller configuration.

Jovanovich and Bamieh concept

Jovanovich and Bamieh concept results in a similar behavior of cars with the demands

that velocities are more evenly distributed with respect to the front car. The most

significant distance error is between the leader and the first car, while the error remains

almost unchanged for the other cars.
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Figure 5.20: Simulation of distances and velocities of fifty cars in response to change in
dref for the Jovanovich and Bamieh controller configuration.

5.3.2 Reference distance change for the first vehicle

The responses to the command on changing the reference distance of the first car are

almost identical for all the three LQR controller concepts. Hence, only Fig.5.21 documents

them. It is transparent that the system is string stable. The distance and velocity errors

are attenuated towards the end of the platoon.
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d1ref for all the LQR controller configurations.
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Chapter 6

Conclusion

Model of the car

The platform is as a promising tool with computational power capable of handling even

more computationally demanding tasks. The platform is equipped with an easy-to-use

and cheap Zigbee (Xbee) wireless communication module which makes possible to consider

more complex control strategies such as a bidirectional distributed control, or, in the thesis

called, the Spatial IIR algorithm. However, certain improvement in the distance-to-the-

-predecessor measurement is required to reach full potential of the platform. One possible

solution has been designed and tested on a two car platoon but, due to lack of time, it

has not been tested on a larger scale platoon. Another problem is caused by logging data

on the µ-SD card. Occasionally only a part of data was stored for yet unknown reason.

Even extensive examination has not fixed up the problem.

The comparison of experimental and simulation data shows the appropriateness of

the mathematical model of the car. However, velocity oscillations occurred in measured

data are not predicted by the mathematical model. Oscillations in distances between

cars were apparently visible during measurements. This problem has not been solved

despite extensive endeavor. Possibly, it is caused by small construction differences of

individual cars since controller constants tuned for one car do not work as accurately for

other cars as expected. Therefore, the constants providing an average performance of all

cars were applied. Though, it is quite certain that our experiments reached the limit of

car’s technical capabilities.
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Controllers comparison

The experiments confirm analytical results on string stability of the individual algorithms.

However, we should emphasize that even a string unstable algorithm can drive a small

platoon of vehicles in a control way. For example, the Previous following algorithm

10-slot cars (see sections 5.1.1 and 5.2.1.). But, error signals in the platoon must be

treated carefully. And advantage of the Previous following algorithm is simplicity, since

only the distance to the previous car is measured and no communication with other

cars is required. However, this algorithm is only applicable on a small platoons due to

string instability. Simulations of the platoon with mathematical model of cars are highly

recommended to predict a magnitude of string instability, that may not be easy to foretell

before experiments or simulations.

The Leader following algorithm is principially several one-to-one Previous following

algorithms applied in one platoon. It works perfectly in simulations. However in practice

there are a few technical difficulties complicating its performance. Measuring of the

distance to the leader is a challenging task. Either one may implement an absolute

distance measurement sensor, such as GPS but more enhanced, or one may rely on

inter-vehicle distance measurements, such as in our case. The latter way additionally

needs to implement a reliable wireless communication between vehicles and accounts for

delays in wireless communication. This algorithm is, in principle, not very safe since

each vehicle in the platoon relies on front-vehicle performances, therefore any pitfall in

performances may result in platoon crash. This suggests that it may be advantageous

to combine the Previous following algorithm with the Leader following algorithm. This

concept was already studied in literature. In this thesis, the Spatial IIR algorithm is a

modification of such a concept.

Bidirectional algorithm is yet another way to control the platoon. It performed well in

simulations and experiments. Measuring the distance to the rear vehicle is recommended

to exclude wireless communication from the control loop but this is a small price to pay.

Even though wireless communication between vehicles is needed to enable increase and

decrease the platoon size, it is not involved in the control loop. A drawback of this

algorithm is the fact that events happening at the platoon’s tail affect front cars, which

is an unusual behavior. It means that string stability exhibits in both directions of the

platoon.

Spatial IIR algorithm, as introduced, is a combination of Previous and Leader following

algorithms. Unfortunately, due to lack of time this algorithm was not tested experimentally.
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It combines information about the distance to the predecessor with the velocity of the

leader. A reliable wireless communication is again essential, but in this case, communication

imperfections are partly compensated by the distance measurement to the predecessor.

This type of algorithm gives the best performance of all non LQR controllers, which looks

promising for future applications. However, this algorithm relies on important assumption

that all cars are identical. More specifically, all cars are assumed to have identical velocity

closed loop, and thus the dynamics from a reference velocity to the actual velocity. The

algorithm would probably work even if this condition is not exactly fulfilled. However,

the distance and velocity responses would be different from our simulations.

As expected, LQR controllers gives the best performance of all applied control algorithms.

It works with states (distance and velocity) of all cars implying the requirement on massive

and reliable communication between vehicles. This is not a difficulty in simulations but

it may be a significant difficulty in implementation. This problem can partly be resolved

by using only a part of all states (e.g. only states of three preceding and three following

vehicles).

Videos of the platooning slot cars are available at [3].
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Appendix A

LZ1 transform

The properties of the LZ1 are taken from [24].

The joint unilateral Laplace and unilateral z-transform is defined as

LZ1{f(t, i)} =

∫ ∞
0−

(
∞∑
k=1

f(t, k)z−k

)
e−stdt = f(s, z), (A.1)

which is different from the common z-transform definition since it begins with the car

indexed by k = 1. Therefore, the description of the leader’s movement (indexed by k = 0)

is not included in the LZ1 transform and appears as a boundary condition.

Some z-transform properties:

LZ1{
∂f

∂t
} = sf(s, z)− f0−(z), (A.2)

LZ1{
∂2f

∂t2
} = s2f(s, z)− sf0−(z)− ḟ0−(z) (A.3)

assuming that the derivatives exist, and

f0−(z) =
∞∑
k=1

f(0−, k)z−k (A.4)

ḟ0−(z) =
∞∑
k=1

ḟ(0−, k)z−k (A.5)

are Z1-transforms of the spatial sequences of initial conditions.

Another property is

LZ1{f(t, k − 1)} = z−1f(s, z) + z−1f0(s), (A.6)
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where

f0(s) =

∫ ∞
0−

f(t, 0)e−stdt (A.7)

is the L-transform of the function of the leader.

A more thorough analysis of 2D polynomial equations are given in [26] and [27].
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Appendix B

XBee packets and PCB schematic

Figure B.1: Structure of a RX packet from documentation available at Digi website

Figure B.2: Structure of a TX packet from documentation available at Digi website
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Figure B.3: Electronic scheme of the PCB designed by Freescale Semiconductor
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