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Abstract

Comparing the history of aerospace and ground vehicles, one can admit the fast growth
in the complexity and computerization of aircraft during the past seven decades. This
growth is based on the high cost of each aircraft and its pilot and money flow for re-
search purposes during the Cold War. These key factors matured the aerospace industry,
increasing aircraft’s agility and complexity and introducing control algorithms to reduce
the burden from pilots and their mistakes or failures.

On the other hand, ground vehicles have slowly started to mature in the past three
decades, when the first safety algorithms, such as anti-locking braking systems, were in-
troduced as necessary equipment for each produced vehicle. Cars are going the same
way of improvement, as the aircraft did: from X-by-wire systems, through over-action of
platforms (where it has more ways of actuation per degree of freedom, i.e., independent
steering, braking, and driving) and definition of safety envelope (where the vehicle dy-
namics is not compromised and its surrounding does not make any harmful danger) to
envelope protection algorithms (which enhance human operations to increase the vehicle
safety and stability).

This dissertation aims at the last two steps. It defines the vehicle-road envelope and
introduces control algorithms to protect its boundaries. The vehicle-road envelope is
strategically divided into two main parts: driving and environmental envelopes. The
former defines states in vehicle dynamics space, where each wheel will not be locked,
overspun, or skidding. The latter defines safe operational positions, where each wheel
can be placed to avoid road departure, collisions with other road users, and drivable road
irregularities, such as potholes or small objects on the road. The envelope definition is
wheel-centric, allowing the utilization of this concept for any car (or any other wheeled
platform) configuration.

The driving envelope protection algorithm can be used as an integrated controller,
which does the functionality of an anti-locking braking system, traction control, elec-
tronic stability program, and launch control systems. In the same way, the environmental
envelope protection algorithm can be used as an integrated lane-keeping and collision-
avoidance system. However, it can also be used for semi-automated driving on regular
and off-road roads.
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Abstrakt

Srovnáním historie leteckých a pozemních vozidel lze konstatovat rychlý růst komplexity a
počítačového řízení letadel během posledních sedmdesáti let. Tento růst vychází z vysoké
ceny každého letadla a jeho pilota a finančních toků na výzkumné účely během studené
války. Tyto klíčové faktory v leteckém průmyslu vedly k zvyšení agilitu a složitosti letadel
a zavedení řídicích algoritmů sloužících k redukci zátěže pilotů a tím redukci jejich chyb
či selhání.

Na druhou stranu se pozemní vozidla začala pomalu rozvíjet v posledních třech de-
setiletích, kdy byly poprvé zavedeny bezpečnostní algoritmy, jako jsou antiblokovací brz-
dové systémy, jako nutné vybavení pro každé vyrobené vozidlo. Automobily jdou stejnou
cestou zlepšení jako letadla: od X-by-wire systémů přes přeaktuováné platformy (kde je
počet aktuátorů větší, než je potřeba pro řízení, tj. nezávislé ovládání, brzdění a pohon
kol) a definování bezpečnostní obálky (kde dynamika vozidla není ohrožena a jeho okolí
nepředstavuje žádné nebezpečí) až po algoritmy ochrany obálky (které zlepšují lidské
operace pro zvýšení bezpečnosti a stability vozidla).

Tato disertace si klade za cíl poslední dva kroky, definuje obálku vozidlo-silnice a zavádí
řídicí algoritmy k ochraně jejích hranic. Obálka vozidlo-silnice je strategicky rozdělena
do dvou hlavních částí: řídíci a dopravního prostředi. První určuje stavy v prostoru dy-
namiky vozidla, kde každé kolo nebude zablokováno, přetáčeno ani nebude klouzat. Druhá
část definuje bezpečné operační pozice, kde lze každé kolo umístit tak, aby se předešlo
vyjetí ze silnice, kolizím s ostatními účastníky silničního provozu a jízdním nepravidelnos-
tem, jako jsou díry nebo malé předměty na vozovce. Definice obálky se provádí vzhledem
ke kolům, což umožňuje využití tohoto konceptu pro konfiguraci jakéhokoli automobilu
(nebo jakékoli jiné platformy na kolech).

Algoritmus ochrany řídící obálky lze použít jako integrovaný kontrolér, který plní
funkci protiblokovacího brzdového systému, trakčního řízení, elektronického programu
stability a systémů řízení rozjezdu. Stejně tak algoritmus ochrany obálky dopravního
prostředi lze použít jako integrovaný systém udržování jízdního pruhu a vyhýbání se
kolizím. Nicméně může být také využíván pro polo-automatizovanou jízdu na běžných
vozovkách i v terénu.
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Chapter 1

Introduction

Motor vehicles, including but not limited to personal vehicles, trucks, buses, motorbikes,
and other motorized vehicles, are widely used as a means of transportation worldwide. In
the United States, personal transportation, which includes automobiles and light trucks,
accounts for approximately 87% of passenger miles traveled in 2020 [1]. Additionally,
the vehicle miles traveled (VMT) increase linearly with population [1]. The number of
produced personal cars continues to rise yearly [1]. For example, the total number of
personal and commercial cars is already over 100 million registered vehicles in the United
States alone in 2023 [2].

The use of motor vehicles for transporting both humans and cargo provides a high
level of convenience. However, it also comes with a significant cost in terms of road acci-
dents, human injuries, and fatalities. In the United States alone, ground vehicle accidents
accounted for 95% of the total 40851 deaths in 2020 [3]. Consequently, regulatory agen-
cies and car manufacturers have implemented various safety measures over the past few
decades to address this issue. These measures include the reduction of alcohol consump-
tion before driving, the use of safety belts, electronic stability control, improved materials,
collision avoidance, and many more. These steps aim to ensure all traffic actors’ safety
and can be broadly classified into three main groups: law regulations, passive safety, and
active safety systems.

This thesis focuses on active safety and stability systems. Similar inspiring analogies
can be found in the aerospace industry and traced back to the emergence of aircraft,
particularly fighter jets, where the aircraft’s dynamics became too rapid for a human to
control. Concurrently, advancements in electronics and computers made it possible to
delegate tasks from the pilot to the machine, combining human intelligence with the fast
computational capabilities of processors. The aerospace industry and control theory’s
development resulted in agile aircraft and improved civil aviation safety, significantly
reducing the accident rate per million flights [4].

1
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The implementation of active safety and stability systems for regular cars can be traced
back to the introduction of the first antilock braking system (ABS) in 1990 [5]. This safety
system set a precedent for certification authorities to mandate car manufacturers to equip
all vehicles coming off the production line with this technology in the late 1990s. While
statistics show a reduction of non-fatal crashes of up to 8% due to the implementation of
ABS, at the same time, “ABS has close to a zero net effect on fatal crash involvements" [6].
The next major technological advancement in safety systems was the electronic stability
program (ESP), which has been shown to significantly reduce the number of crashes by
up to 36% for passenger cars and 70% for light trucks and vans (LTVs) [7]. Overall,
ESC reduced all fatal crashes by a statistically significant 14% for passenger cars and
28% for LTVs [7]. The group of active safety and stability systems is not limited only
to safety systems but also contains comfort-increasing assistance, for instance, such as
cruise control, which was introduced in 1970 [5]. Such approaches can increase safety
through the reduction of the driver’s workload and fatigue using automation techniques.
Today, the list of safety systems contains dozens of names and abbreviations. Each system
aims at addressing a specific problem related to vehicle dynamics or interaction with the
vehicle’s surroundings and the driver [8].

The increasingly diverse range of advanced driver assistance systems (ADASes) presents
significant challenges for control engineers regarding the integration of their functional-
ities. However, a novel paradigm for ADASes development, which proposes the imple-
mentation of fully software-based systems, has been suggested as a potential solution by
Apex.ai company [9]. This approach would allow for the development of more sophisti-
cated and integrated vehicle control structures directly in the software, not in separate
hardware, leading to improved product performance. The objective of this thesis is to
develop a universal stability and safety system architecture that encompasses the func-
tionalities of current stability systems while enhancing driving safety. This system aims
to provide a unified operational framework for cars, thus addressing the challenges of
integrating multiple ADASes while improving the overall driving experience. However,
before discussing such ideas in automotive, one can get inspiration from the aerospace
industry.

1.1 Motivation from Aerospace Industry

The analysis of ground vehicle dynamics and the potential benefits of automation and
safety systems can be inspired by examining the aerospace industry, particularly airplanes,
and its historical changes. Despite the differences between cars and airplanes, there are
significant similarities, such as the principles of their physical modeling. Both models
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start with approximating both bodies as mass points, with the center of gravity being the
first “point of interest." Additionally, the center of applying forces acting on the body is a
second “point of interest," known as the aerodynamic center in the case of aircraft and the
center of wheelbase in the case of cars (Fig. 1.1). The position of this second point with
respect to the first affects the static stability properties of both aircraft [10] and car [11],
making them either statically stable or unstable. Furthermore, both dynamics are highly
nonlinear, mainly because of the highly nonlinear dependency of generated forces acting
on control surfaces or wheels on the systems’ state vector.

aerodynamic center

center of gravity
wheelbase center

center of gravity

Figure 1.1: “Points of interest" for statically stable airplane and car dynamics.

However, the primary difference between those two systems is the overall simplicity
of ground vehicle dynamics compared to aircraft. Ground vehicles have fewer significant
degrees of freedom, with only three compared to the six for airplanes (moving in the
vertical direction, rolling, and pitching are very limited for a typical car). Similarly, a
common car has fewer actuators than an aircraft, with only throttle, brake, and steering,
compared to an aircraft’s thrust, elevators, ailerons, and rudder. This leads to a more
complex control effort for a trained pilot to control the vehicle, with the human factor
being a more frequent reason for crashes. Moreover, the cost of a trained pilot and an
aircraft, together with the system dynamics difficulty, were two main reasons for intro-
ducing flight control strategies for active safety and stability systems of civil and military
airplanes.

In the aerospace industry, a series of crucial steps were taken to introduce active safety
systems into airplanes. The first step was the introduction of fly-by-wire technology, which
allowed the disconnection of the mechanical connection between the airplane’s actuators
and control elements in the pilot cabin, wiring them through the control computer. This
upgrade permitted the addition of control signals to a pilot’s action, which helps in the
handling of the aircraft. Fly-by-wire also allowed the addition of new control surfaces on
an aircraft, making the dynamics more complex and opening other combinations of control
inputs to reach the same target state of the aircraft dynamics. Such augmentation of the
systems allowed control engineers to optimize the vector of control inputs, increasing the
airplane’s maneuverability and introducing control redundancy for the system operation.

At the same time, the theory of aircraft stability evolved with the introduction of safety
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envelopes, called flight envelopes. These envelopes create boundaries on the state-space of
the dynamical model of the aircraft, inside which, for the particular airplane, safety and
performance margins can be guaranteed. Those envelopes must be investigated before the
first flight of any new model of the aircraft to establish limits in which handling qualities,
engine behavior, structural load, and many other aspects remain acceptable [12].

The last and most valuable step was the introduction of full-time-full-authority control
strategies. The control computer relentlessly controls the pilot’s actions and follows their
command until the safety requirements of any flight envelope are not violated. If it
happens, the controller will override control signals to stabilize the airplane. These steps
significantly reduced failures in the aerospace industry, making civil aircraft much safer
than they were a few decades ago [4].

Full-time-full-authority control is a concept that has been mainly realized through the
implementation of flight envelope protection schemes in aviation. Two main strategies
have been proposed to provide such protection: hard and soft. In hard protection, the
control computer has full authority over the pilot’s action, and the pilot cannot exceed
envelope boundaries, as implemented in Airbus’s airplanes [13]. In contrast, soft protec-
tion strategies allow pilots to override the signals from the control computer with extra
effort, as utilized by Boeing [13]. The choice between the two strategies depends on the
specific requirements of the aircraft and the level of control authority desired.

The automotive industry has also made comparable progress in improving safety. One
of the crucial steps in improving automotive safety is the introduction of drive-by-wire
systems. The drive-by-wire systems include steer-by-wire, throttle-by-wire, brake-by-wire,
and others. These systems are already complained by the ISO 26262 standard [14], which
provides guidelines for the functional safety of road vehicles. The drive-by-wire technology
may be used in different production models for various active safety and stability systems,
such as ESC, adaptive cruise control (ACC), and lane assist systems (LAS). Many car
manufacturers have implemented over-actuation of the car, which includes but is not
limited to independent braking, driving, and steering of wheels. The analogies of the
flight envelope and full-time-full-authority control concepts are also described. Those
crucial steps are the subject of this work and will be considered in the following sections.

The vulnerability of cars to their environment, in addition to their dynamics, presents a
significant challenge to the integration of active safety measures into everyday use. Unlike
airplanes, cars are heavily influenced by their surroundings, including the road, weather,
and other vehicles. This challenge has led the car industry to introduce a roadmap for
the development of ground vehicle automation. The Society of Automotive Engineers
(SAE) has proposed a set of “Levels of Driving Automation" to guide the gradual inte-
gration of active safety measures into cars. The discussion of the SAE’s Levels of Driving
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Automation is presented in the following section.

1.2 About Levels of Automation in Automotive

Driving automation in vehicles has been a topic of great interest in recent years. With
technological advancements, the automotive industry has been working towards achieving
higher levels of automation in vehicles. The automotive industry discusses the six levels of
driving automation, as defined by the Society of Automotive Engineers (SAE), depicted
in Fig. 1.2.

Figure 1.2: SAE J3016 standard for levels of driving automation [15].

Level 0, also known as No-Automation, is characterized by the driver having complete
control over the vehicle’s steering, brakes, and throttle. The driver is solely responsible
for monitoring road conditions, responding to potential hazards, and ensuring safe vehicle
operation. If present, any driver assistance systems are limited to warning signals sent
to the driver or small control actions, which can reduce some stability issues. This level
includes ABS, lane departure warning, or other simple active stability or information
systems.
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Level 1 of vehicle automation is characterized by partial automation of certain pri-
mary functions. This level includes the addition of different assistance systems, such as
the ACC or lane-centering, but these systems are not integrated and operate indepen-
dently. However, if multiple assistance systems are present, they operate only with the
particular dynamics of the vehicle. For instance, cruise control would have access to
change the longitudinal dynamics of the vehicle and lane-centering to the lateral. At this
level, the driver still has complete control over the vehicle’s inputs but can partially del-
egate authority to an assistance system. Nevertheless, the driver remains responsible for
monitoring road situations, reacting to hazards, and ensuring the vehicle’s safe operation.

Level 2 of vehicle automation is similar to Level 1, but multiple assistance systems
are integrated with the operating inputs. For instance, the ACC and lane-centering can
operate simultaneously with knowledge of each other. However, in Level 2, control engi-
neers have solved a hierarchy or priority logic when both assistance systems are activated
and make access to the same control elements (pedals and the steering wheel). In limited
situations, a driver can delegate control authority over a vehicle’s input to the assistance
systems. Nonetheless, the driver is still solely responsible for monitoring road conditions,
responding to hazards, ensuring safe vehicle operation, and promptly taking control of
the vehicle.

Level 3 of vehicle automation involves more significant reliance on automation under
certain well-defined circumstances. The assistance systems take complete control of the
vehicle in specific scenarios, but the driver is expected to take control of the vehicle if
certain predefined conditions are not met. For example, the latest model of the Audi A8
is equipped with a Traffic Jam Pilot [16], considered a Level 3 automation system. Ac-
cording to the manufacturer, this system can operate at speeds of up to 60 kmh−1 and
is designed to navigate the vehicle in traffic jams by taking actions such as starting, ac-
celerating, and stopping the vehicle and keeping it within the lane. However, the driver
must still be prepared to take control of the vehicle if the system encounters a situation
it cannot handle. For such a level of automation, regulatory authorities mostly asked car
manufacturers to be considered as responsible persons in the case of accidents. Therefore,
the production of such systems is primarily limited because of such legislation restrictions.

Level 4 of vehicle driving automation involves a fully automated system that can oper-
ate the vehicle without needing a driver in limited-service areas. This level of automation
can be found in areas outside of the automotive sector. For example, Amazon’s automated
warehouses [17] are an excellent example of Level 4 automation, where robots navigate the
warehouse and complete tasks without human intervention. A Level 4 automation system
example in the automotive sector is a driverless taxi in Singapore developed by NuTon-
omy (former name of Motional Inc. [18]). This taxi is designed to navigate Singapore’s
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small, campus-like business district without a driver. There are other examples of Level 4
automation systems worldwide, such as driverless taxis that are limited to operating in
specific environments.

Level 5 of vehicle automation involves a fully automated system that can operate
the vehicle in any environment and under any condition without the need for human
intervention. In this level of automation, the vehicle does not require a steering wheel or
any other human-operated controls. It operates entirely autonomously, and the human is
merely a passenger. This level of automation is often depicted in science fiction works,
where vehicles can operate without any human input and serves as the desirable but
distant goal for the whole industry.

1.3 Related Existing Commercial Products

This section presents driving automation and safety systems, which are related to the
topic of the vehicle-road envelope and its protection.

The list starts with the first mandatory safety system, the ABS. When a car is moving,
applying the emergency brake can cause the front wheels to lock up, even if the vehicle is
moving in a straight line, resulting in the car losing its steering capabilities. Conversely,
if the rear wheels lock up, the car’s braking stability will decrease, and even a slight
lateral force can cause the car to spin out of control, as demonstrated in section 2.7.
Additionally, the intense friction caused by wheel lock-up can significantly reduce the
wheels’ lifespan [19]. Anti-lock braking technology was developed to address these issues.
The implementation of ABS systems uses different control approaches that must be robust
against uncertainties associated with the varying friction properties of the drivable surface
and work in real-time, as these criteria apply to any safety system used in the automotive
industry. From a control theory perspective, ABS implementations are generally as simple
as possible, using methods such as logic threshold value, PID or fuzzy control for slip
ratio control, and sliding mode control [19], [20]. Nevertheless, scholars are implementing
already more complex and challenging control structures and methods to fulfill the ABS
functionality, such as model predictive control, linear quadratic regulators, and neural
network controllers [21].

On the flip side, unwanted vehicle behavior can occur not only during braking but also
during acceleration. When compared to the braking process, during vehicle acceleration,
if the driving force is too high or the road surface’s adhesion coefficient is too low, it can
cause the driving torque to exceed the adhesion limit between the tire and the road surface,
leading to excessive slip of the driving wheels as experimentally shown in section 2.7. If
this slip phenomenon occurs, it can decrease the vehicle’s driving performance, increase
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the load on the transmission system, and consume more fuel while also reducing the
vehicle’s handling performance in the lateral direction. Traction control systems (TCS)
can address these problems as an extension of the ABS concept in the car driving process.
TCS aims to decrease the driving torque of the driven wheels to decrease their slip ratio.
There are two main strategies to provide a functionality of the TCS systems – a reduction
of the driving torque from its source (reducing fuel injection or using a clutch) or using
braking torque applied by brakes (which is inefficient). The control methods used for the
implementation of the traction control are mainly the same as for ABS and can be found
in [19], [22].

The electronic stability program (ESP) is an extension of ABS and TCS with improved
algorithms to address lateral vehicle stability issues. The first concepts enabled the di-
rect control of vehicle yaw movement (DYC) [23]. DYC determines the driver’s steering
intention by collecting steering wheel angle information and handles the vehicle’s yaw
movement by allocating braking force or driving force to the wheels. Other implementa-
tions of ESP [24] determine the vehicle’s yaw moment using the error of state feedback
between the vehicle’s actual and ideal motions and adjust the vehicle’s yaw movement by
differential braking or engine control. That strategy has become a widely used modern
control method in vehicle stability control. Researchers have also tried to use modern
control theory methods to control vehicle stability and have obtained some promising re-
sults. These methods include fuzzy control theory, sliding mode control, nonlinear model
predictive control, and active front wheel steering control of autonomous vehicles based
on the model predictive control method [19].

The previous vehicle safety and stability systems were designed to ensure the safety and
stability of the vehicle. The second group of technologies focuses on driving automation,
with the goal of enhancing vehicle safety in the environment. This group’s first type
of system is the lane-keeping assistance (LKA) system. Vision-based lane-keeping has
various implementations [25]. However, the basic concept is to identify the lane markings,
estimate the lane boundary, and track that boundary using steering and/or braking control
laws [26]. For example, Volvo’s LKA solution [27] uses a camera to read the sidelines of
the road or lane. If the vehicle is about to cross a sideline, LKA applies a slight steering
torque to steer the car back into the lane. If the car reaches or crosses a sideline, LKA
alerts the driver through vibration in the steering wheel [27].

Collision avoidance systems are a vital component of autonomous and highly-automated
vehicles. In the general robotic field [28], collision avoidance algorithms are typically di-
vided into two stages: perception and action. During perception, data from various active
and passive sensors are fused to inform the system of the surrounding environment. Dur-
ing the action stage, a collision avoidance algorithm determines the appropriate response
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to avoid a collision. Two major collision avoidance systems have been developed within
the automotive industry: brake-assist and steering-assist avoidance systems [29]. Brake-
assist systems utilize the brakes to prevent collisions by stopping or slowing the vehicle,
while steering-assist systems use steering to perform an evasion maneuver. Trajectory and
path planning and tracking are crucial to successful collision avoidance, with the output
trajectory being optimized to be safe and collision-free with other objects on the road.
Various techniques have been developed to accomplish this task [30], including model
predictive control techniques [31] and minimum violation planning [32]. Both approaches
have their advantages and disadvantages, which are discussed in-depth in [33]. Moreover,
such control techniques can be utilized not only as collision avoidance systems but as
auto-pilots from the higher levels (3-4) of automation.

In the realm of commercial products, Toyota Guardian and Toyota Chauffeur sys-
tems [34] are noteworthy examples that are currently under development and still need to
be made available for purchase. The Toyota Guardian system is inspired by flight envelope
protection schemes and is designed as an advanced driver assistance system to enhance
vehicle safety during human-operated driving. On the other hand, the Toyota Chauffeur
system is Toyota’s driving concept for autonomous and semi-autonomous driving. Both
systems utilize the environmental and handling envelopes, which are discussed in the next
section analyzing the state-of-the-art in the literature.

1.4 State-of-the-Art in the Literature

The objective of this thesis is to define the vehicle-road envelope and suggest its protection
algorithms using model predictive control techniques. The concept of envelope protection
was originally developed in the aerospace industry but has since been adapted for advanced
driving assistance systems in the automotive control field. Scholars have made significant
contributions to this area, particularly in the development of blended (shared) control and
semi-autonomous driving systems. Vehicle-road envelopes can be categorized into two
main groups based on the problems they address: stability envelopes and environmental
envelopes.

The concept of stability envelopes was initially introduced in a study [35], which
outlines a stable region in the phase plane based on vehicle states. The authors selected
vehicle sideslip and sideslip rate as the phase plane variables for their analysis because
these variables have relatively low variability with vehicle speed and are intrinsically linked
to vehicle stability. The sideslip is defined as the angle between the vehicle’s heading and
velocity vector, as illustrated in Figure 2.1. The authors suggested that an open region
between the saddle points of this phase plane could serve as a safe envelope for vehicle
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stability. They supported this proposal with experimental results that utilized a direct
yaw moment control system to enforce safe envelope protection.

In [36], several types of stability envelope definitions were mentioned. However, the
most widely-used stability envelope was described in Craig Beal’s doctoral dissertation
from 2011. Beal’s work [36] proposes different types of handling envelopes, which are pro-
duced by performing phase plane analysis on a nonlinear single-track model. The author
recommends using the sideslip angle and yaw rate (planar rotational velocity around the
center of gravity) to define the handling envelope. Those variables are the general states
for lateral vehicle dynamics description (when the vehicle’s constant speed is held fixed).
The boundary of this envelope is depicted in Figure 1.3. That work also suggests a model
predictive control for envelope protection. Its primary objective is the prevention of the
violation of the handling envelope boundaries by using the steer-by-wire technology and
augmentation of the commanded steering angle from the driver. The functionality of the
suggested control law was experimentally verified.

Figure 1.3: Handling envelope boundaries used in [37].

The handling envelope has found widespread use in various applications. Some re-
searchers have combined it with rollover prevention for over-actuated platforms [38] and
the environmental envelope, which is the second part of the vehicle-road envelope. The
environmental envelope is designed to provide the controller with information about the
surroundings, including the road and other primarily static objects. Early proposals in-
volved creating safe trajectories for the vehicle that excluded collisions with obstacles and
road boundaries. Different works have been developed for trajectory generation, with the
winner of the DARPA Grand Challenge [39] being one of the earliest. Their solution
attempted to minimize interference with obstacles, avoid leaving the lane, and minimize
deviation from the base trajectory while adhering to the vehicle model’s kinematic and dy-
namic constraints. The base maneuvers and final trajectory were defined as lateral offsets
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from a fixed base trajectory that may not be obstacle-free. Other trajectory generation
methods have used different primitives to analyze and describe safe, collision-free vehicle
trajectories [40], [41]. Additionally, some approaches have moved away from the path or
trajectory planning paradigm. For example, a shared control framework was introduced
in [42], which divided all safe regions of the environment into homotopies. These homo-
topies are defined by the set of trajectories they contain, greatly facilitating trajectory
generation. Although safe trajectories are generated, they are not tracked, and the con-
troller continuously responds to the driver’s inputs by computing a new trajectory at each
time step. This way, the driver is not limited to a predetermined path, but they cannot
move between homotopies and are restricted to operating within a single, heuristically
determined homotopy.

Stephen Erlien’s doctoral dissertation [43], published in 2015, introduced the concept of
an environmental envelope. This envelope is defined by the obstacles and lane boundaries
present in the vehicle’s surroundings. Figure 1.4 from Erlien’s work provides a clear
illustration of this idea.

The algorithm presented below outlines the process for generating the environmental
envelope. At the start, a collection of obstacles is identified along the reference line (a).
Next, the environment is discretized in the direction of motion s (b), and objects are
extended in the direction of motion to align with the discretization and identify feasible
gaps between objects (c). Finally, adjacent gaps are connected to form tubes (two in this
example), which define the maximum and minimum lateral deviation from the reference
line at each time step, k (d). The resulting driving tube is then translated into the en-
vironmental envelope boundaries as the maximum possible deviations from the controller
reference line inside the model predictive controller formulation.

This dissertation is inspired by previous research on the handling envelope [36] and en-
vironmental envelope [43], which aimed to define and protect these vehicle-road envelopes.
The following section summarizes this thesis’s specific contributions to this field.

1.5 Dissertation Contributions

Before summarizing the contribution of this dissertation, it is necessary to state its scope.
The following structure of the decision-making process was admitted by analyzing a survey
of motion planning and control techniques for self-driving urban vehicles [30], where most
ideas can also be used for rural and highway road scenarios. The structure of overall au-
tonomous driving can be divided into several parts, which can have some interconnections
due to the way of chosen implementation, presented in Fig. 1.5. The structure contains the
following four parts: route planning, behavior layer, motion planning, and local feedback
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Figure 1.4: Formulation of the environmental envelope from [43].

control. Strategic planning is referred to as route planning, which determines the best
route from point A to point B according to available connections, possible time and en-
ergy consumption, and many other aspects. The planned route as a sequence of waypoints
is taken into account by the behavior layer, which tries to specify the vehicle motion by
analyzing traffic behavior, traffic rules, signals from infrastructure, road conditions, and
other effects, which are also considered by the human driver when following some route
planned by the navigator (or by their head). Motion planning is responsible for generating
some path or trajectory (= path, but with time specifications), which would be acceptable
(feasible) for the vehicle, comfortable for passengers, and avoids collisions with obstacles.
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At the bottom level, vehicle control is responsible for the execution of the reference path
or trajectory dictated by the motion planning system. Typically, appropriate actuator
inputs are selected by a feedback controller to carry out the planned motion and correct
tracking errors, which can occur due to errors in planning (from the high-level planners)
and inaccuracies of the vehicle model. Therefore, the overall robustness and stability of
the closed-loop system must be increased by this level.

Figure 1.5: Illustration of the hierarchy of decision-making processes from [30] and the
thesis’s scope marked in red.

This thesis proposes control strategies suitable for local feedback control and partially
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for motion planning design using terms from Fig. 1.5. The vehicle-road envelope defines
vehicle stability and safety criteria in terms of wheel stability and safety, resulting in
overall vehicle and maneuver safety. It is divided into stability and safety envelopes. The
stability envelope, named the “driving envelope," is analogous to the “flight envelope" for
aircraft. The environmental envelope, with a different definition than the one discussed
in Section 1.4, is the other part of the vehicle-road envelope. Figure 1.6 schematically
presents the general idea of the vehicle-road envelope.

Vehicle-Road
Envelope

Driving Envelope Environmental
Envelope

Function

Keep the vehicle stable wherever it is
driven. Protect each wheel from getting:

locking (due to over-braking)

skidding (due over-steering)

spinning (due to over-acceleration)

Function

Keep the vehicle in a safe environment:

keep each wheel on 

  the drivable surface

avoid wheel collisions

   with drivable obstacles

avoid vehicle collisions

   with undrivabe obstacles

Realisation

Through each wheel dynamics:

lateral slip protection

longitudinal slip protection

combined slip protection

Realisation

Each wheel:

keeps road boundaries

avoids bad road conditions

avoids small (drivable) objects

Each wheel and the whole vehicle:

avoid big (undrivable) objects

prioritize obstacles and road constraints

Figure 1.6: The vehicle-road envelope comprises the driving envelope, defining stability
constraints, and the environmental envelope, outlining safety constraints from the sur-
roundings. Figures are created with DALL·E 2 assistance.

1.5.1 Driving Envelope as a Definition of Vehicle Stability

The driving envelope defines stability criteria using traction limits for each subjected
wheel. The constraints for vehicle dynamics are defined to ensure that each wheel’s
lateral and longitudinal slip of driven and braked wheels will not exceed the traction
capacities of tires. Longitudinal and lateral slip variables are combined into the combined
slip to bind both dynamics in one set of equations, protecting each wheel from locking,
skidding, and spinning. These effects mainly occur due to over-braking, over-steering, or
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over-accelerating of a particular wheel. However, they can also result from a change in
vehicle dynamics, such as a sharp turn.

According to the SAE specification, presented in Fig. 1.2, the driving envelope pro-
tection algorithm can be categorized into L1 and L2 groups, depending on its realization
and dynamics, which are enhanced by it.

1.5.2 Environmental Envelope as a Definition of Vehicle Safety

In contrast, the environmental envelope defines a safe driving space for the vehicle. It
utilizes the definition of a drivable road, a drivable obstacle, and an undrivable obstacle.
A drivable road is a safe road where the vehicle can “put" each wheel, such as a high-
way lane or ruts on a rural forest road or show ruts. The drivable obstacle represents
all objects that the vehicle can drive over, such as potholes, ice pads, stones, or other
road irregularities that can lead to damaged wheels or discomfort for passengers. The
undrivable obstacles represent all objects on the drivable road that are dangerous for the
vehicle and cannot be driven over, such as other vehicles, pedestrians, and animals. This
concept of obstacle definition allows for prioritizing obstacles within the control problem,
making some undrivable obstacles more expensive (from the optimization point of view)
than others or drivable ones. For example, a parked car must be avoided rather than a
small pothole.

According to the SAE specification presented in Fig. 1.2, the environmental envelope
protection algorithm can be categorized into the interval between L1 and L3, depending
on its realization and dynamics, which are enhanced by it. The main realization provided
in this thesis utilizes only the steering wheel; therefore, it can be addressed only as the
L1 algorithm. However, both the driving and the environmental envelope protections are
targeted to be parts of L4 automation systems, as they can increase the robustness and
performance of the upper route, behavioral, and motion planning parts of any autonomous
driving system.

1.5.3 Driving Envelope and Environmental Envelope Protection

This dissertation proposes several control architectures for driving and environmental
envelope protection. These architectures include:

• Hard envelope protection strategy for combined driving envelope protection using
model predictive control

• Soft envelope protection strategy for lateral driving envelope protection using model
predictive control
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• Control structure for hard lateral driving envelope protection using a hierarchical
controller

• Strategy for hard environmental envelope protection

As mentioned, soft and hard protection strategies are commonly used in the flight
industry to provide envelope protection. This work proposes mainly solutions that utilize
the model predictive control approach, which is widely used in publications and has a
suitable structure for defining desired behavior with various constraints on the resulting
solution. The resulting controllers provide envelope protection in a hard way, where full
authority is given to the control structure. Additionally, other control concepts that use
different control formulations (hierarchical) or employ a soft envelope protection strategy
are suggested.

The control strategies proposed in this dissertation can be used as cores for standalone
advanced driving assistance systems or as a lower level of a more complex control structure.
In the latter case, for example, a higher-level motion planner may suggest control inputs or
a trajectory to be followed, which are then corrected by the environmental and then by the
driving envelope protection algorithms before being applied to the vehicle’s control system.
This correction ensures that the control inputs are feasible and safe, given the current
environmental and driving conditions. Moreover, both envelope protections theoretically
can be combined in one optimization problem in the same way, as it was proposed for the
handling and environmental envelopes in [43].

1.6 Dissertation Outline

This dissertation thesis presents the definition of the driving and environmental envelopes
and introduces different possibilities for their protection. The remaining chapters are
organized as follows:

Chapter 2: Driving Envelope

The driving envelope and its protection algorithms are introduced in the second chapter.
The generation of traction forces, dependent on wheel dynamics and kinematics, is an-
alyzed, and the resulting effects on vehicle dynamics are derived. The driving envelope
protection is primarily provided as a hard envelope protection strategy through linear
model predictive control. Additionally, other methods for driving envelope protection
are described, such as the utilization of a hierarchical structure controller to safeguard
the lateral driving envelope and the application of haptic torque to communicate with
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the driver as part of soft envelope protection strategies. Simulation experiments using
high-fidelity vehicle dynamics simulators are employed to verify each control strategy.

Chapter 3: Environmental Envelope

In the third chapter of this thesis, the environmental envelope is defined by establishing
a safe space from the perspective of the wheels. Essential formulations that contribute
to the definition of the envelope are presented. Additionally, the chapter introduces the
concept of nonlinear model predictive control for protecting the environmental envelope.
Simulation experiments utilizing a high-fidelity vehicle dynamics simulator are conducted
to evaluate the performance of this control law in different driving scenarios and verify
its functionality.

Chapter 4: Conclusion

In conclusion, the dissertation includes an assessment of the envelope control framework
that has been introduced in the preceding chapters. Additionally, it delves into a conver-
sation about potential future advancements and avenues for further research.



Chapter 2

Driving Envelope

This chapter introduces the driving envelope and algorithms for its protection. The
driving envelope protection is mainly provided as a hard envelope protection strategy by
the linear model predictive control. Although section 2.8 describes other methods for
driving envelope protection. Namely, using a hierarchical structure controller to protect
the lateral driving envelope and using soft envelope protection strategies to apply haptic
torque to communicate with the driver. Most of this chapter was submitted and accepted
in the IEEE Transactions on Intelligent Transportation Systems in 2024 [44].

2.1 Introduction

The envelope protection framework presented in this chapter uses the driving envelope
stability concept. The driving envelope is a methodology of the stability boundaries def-
inition over the vehicle state-space. Such sub-space excludes unstable vehicle maneuvers
from the wheels’ perspective. This envelope incorporates each tire’s lateral, longitudinal,
and combined slip dynamics. In other words, the driving envelope excludes vehicle states
where each wheel could become locked, overspun, or skidding. Such boundaries in a finite
number of steps could become the maximum control invariant set, which is shown later in
this chapter. Theoretically, it can guarantee future vehicle stability by preserving driving
envelope boundaries. The driving envelope concept is based on analyzing tire traction
dependencies on wheel slip variables. By limiting these variables and defining a desired
region for each slip variable for each wheel, the driving envelope can be designed. Those
ideas were used in [45], where the author decided to create an envelope based on the limits
of the sideslip angle of wheels.

The proposed envelope protection strategy follows the driver’s steering wheel and
throttle and brake pedals commands as closely as possible while preserving the safety
limits of the driving envelope. It utilizes braking and accelerating commands with con-

18
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stant torque distribution over wheels and front-wheel steering, representing a conventional
car. However, control architecture could be easily augmented to any car configuration.
The highest benefit of the presented method would be advantageous, especially as an
application in over-actuated vehicle platforms, where each wheel could be driven, braked,
and steered individually.

The methodology presented guarantees the preservation of vehicle stability while sys-
tematically preserving the controllability of each wheel. The control law derived in this
chapter provides the functionality of an anti-lock braking system, electronic stability
program, traction control, and launch control systems in one optimal control problem.
Therefore, there is no need to solve any system hierarchy between those stability systems.
There is only one priority, which is solved easily by changing weights between lateral and
longitudinal dynamics in the MPC (how close the controller has to follow commanded
steering or change in angular velocity of the driven wheels). The resulting controller
allows a control engineer to adjust vehicle response by changing the driving envelope
boundaries. That could be used to define different vehicle behavior for different scenarios.

The following is the structure of this chapter. Section 2.2 outlines the vehicle model
used by controllers. Section 2.3 provides an analysis of tire traction forces as a prerequi-
site for understanding the driving envelope definition presented in section 2.4. Section 2.5
discusses how to select driving envelope boundaries. Section 2.6 presents the MPC for-
mulation for driving envelope protection for a conventional car. Section 2.7 presents the
experiments conducted and provides a detailed discussion of the results. Section 2.8 ex-
plores different possibilities for utilizing the driving envelope in various control structures.
Finally, the concluding section summarizes the topic of the driving envelope.

2.2 Vehicle Dynamics

The synthesis of any model-based control relies on the dynamical model of the oper-
ational subject, which is derived in this section. As stated above, this work assumes
a conventional car model with front-wheel steering, with constant braking and driving
torque distribution.

A diagram of the single-track model is presented in Fig. 2.1, while all model parameters
and variables are listed in Table 2.1. A second-order model of lateral vehicle dynamics is
considered. It describes the vehicle’s lateral and rotational planar dynamics. The model
utilizes small sideslip angle β ≈ 0 and constant longitudinal speed v = const assumptions
and lumps both wheels on each axle together. The equations of motion are given as



CHAPTER 2. DRIVING ENVELOPE 20

αr δ
αf

v

β

Fyr

Fxr

Fyf
Fxf

Fy

Fx

vfvr

lr lf

CG r
ωf

w

ωr

Figure 2.1: The single-track model.

follows,

mv(β̇ + r) = Fyf + Fyr, (2.1a)

Iṙ = lfFyf − lrFyr (2.1b)

where the right-hand side of (2.1) presents the lateral force acting on the center of gravity
of the vehicle (CG) and the resulting rotational torque applied at CG. The linear single-
track model assumes constant speed. Therefore, both axles’ traction forces acting in the
longitudinal direction are neglected (Fxr = Fxf = 0). This linear single-track prescribes
only the lateral dynamics of a vehicle. However, the longitudinal dynamics of wheels is also
considered in the envelope protection scheme but not in the prediction model. It is done
to reduce unnecessary model computations because the utilized control strategy operates
on a small prediction horizon, on which changes in the vehicle speed can be considered as
model inaccuracy. The linear approximations of wheel lateral traction forces are provided
using the nominal cornering stiffness of a tire cαi, load force acting on an axle Fzi, and
sideslip angle of an axle αi as,

Fyi = cαiFziαi (2.2)

for both front and rear axles, hence i ∈ {f, r}. Linear approximations of sideslip angles
are given as

αf = δ − β − lf
v
r αr = −β +

lr
v
r. (2.3)

The angular velocities of the front and rear wheels are added to the single-track model
to consider longitudinal slips of the front and rear axles. Specifically, variables ωf and ωr

are included in (2.1). Note that the linear lateral motion is not affected by performing
this augmentation. These angular velocities are considered to be inputs to the model.
Hence the vector of control variables is expanded. Therefore, the following matrix version
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Table 2.1: Vehicle Model Notation

Description Symbol Units

Vehicle speed at CG v ms−1

Sideslip angle at CG β rad
Yaw rate at CG r rad s−1

Steering angle of the front axle δ rad
Angular velocity of [front, rear] axle ω[f,r] rad s−1

Load force of [front, rear] axle Fz[f,r] N
Lateral tire force on [front, rear] axle Fy[f,r] N
Longitudinal tire force on [front, rear] axle Fx[f,r] N
Sideslip angle of [front, rear] axle α[f,r] rad
Slip ratio of [front, rear] axle λ[f,r] –
Vehicle mass m kg
Yaw moment of inertia at CG I kgm2

Distance from CG to [front, rear] axle l[f,r] m
Lateral tires nominal stiffness of [front, rear] axle cα[f,r] rad−1

The velocity vector of the center of [front, rear] axle v[f,r] ms−1

Half of axle width w m
Effective wheel radius p m

of the model from (2.1) can be considered, which boils down to

ẋ(t) = Ax(t) +Bu(t) (2.4)

where system matrices are explicitly given by first-order Taylor expansion, as follows

A =


−cαfFzf + cαrFzr

mv

lrcαrFzr − lfcαfFzf

mv2
− 1

lrcαrFzr − lfcαfFzf

I
− l

2
r cαrFzr + l2f cαfFzf

vI

 , B =


cαfFzf

mv
0 0

lfcαfFzf

I
0 0

 (2.5)

and state and input vectors are provided in the following order

x =

[
β

r

]
, u =


δ

ωf

ωr

 . (2.6)

The dynamics in (2.4) is continuous and must be discretized for the discrete model
predictive controller. Using a discrete regulator makes it possible to work in the same
manner as modern stability systems, which are operated discretely. This work assumes a
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discrete model
xk+1 = Adxk +Bduk (2.7)

where matrices
Ad = I + TsA and Bd = TsB (2.8)

are obtained by the forward Euler discretization of (2.4). In (2.8), I is an identity matrix
of size 2, and Ts is a discretization step on which the controller operates.

2.2.1 Wheel Dynamics

This work assumes the linear single-track model defined above as a prediction model.
However, to complete the picture, slip variables must be defined formally. Those defini-
tions will be used later in this text.

α

Fy

Fx

v

ω

Figure 2.2: Wheel coordinate frame.

Tire forces are connected with tire sideslip angle, defined as,

αi = − arctan
vyi
|vxi |

(2.9)

where a particular i-th wheel (i ∈ {f, r}) has a velocity vector with lateral vy and longitu-
dinal vx components in the wheel coordinate frame shown in Fig. 2.2. Equations (2.3) are
linear approximations of the definition (2.9). Also, there is a definition of slip ratio with
physical meaning, what part of the wheel’s rotation is connected with its translational
velocity. It is defined as,

λi =
ωip− vxi

max(|ωi|p, |vxi |)
. (2.10)

The slip ratio value is negative when the wheel is braking and positive when an additional
rotational moment is applied on the axle.
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2.3 Tire Traction Forces Analysis

Tire traction forces are a natural source of vehicle movement. Generally, each tire on a
flat surface produces a force vector [Fx, Fy], generating lateral and longitudinal traction
forces in the wheel’s coordinate frame (Fig. 2.2.) Tire force generation is one of the
most challenging topics in vehicle dynamics. From many trials and errors, automotive
engineers connected the produced force vector with wheel slip units [46]. When the tire
or wheel performs only longitudinal slip λ, it generates only the longitudinal component
Fx. The same can be stated for the lateral dynamics. Those two separate cases can be
mathematically described in many ways [47]. However, in normal operation conditions,
wheels produce combined force in both directions. In this case, physical restrictions start
to play their roles.

A tire cannot generate a combined force greater than it “has" – a load force Fz the
car applies to the particular tire. It creates a natural boundary for the magnitude of the
traction force vector, named the traction ellipse. This restriction can be mathematically
written as, √(

Fx

c1x

)2

+

(
Fy

c1y

)2

≤ µFz (2.11)

where parameters c1x and c1y are friction coefficients between the tire and the surface in
longitudinal and lateral directions, respectively. Those parameters depend on particular
tires and are the reason for the shape of the traction ellipse for a given surface. Parameter
µ represents the friction coefficient between the particular tire and the driving surface.
The graphical representation of an example of such an ellipse is shown in Fig. 2.3.

Braking Driving

Steering

Figure 2.3: Tire traction limits in the form of traction ellipse.

There is a plenty of different tire models [47]. The simplest way to model tire behavior
is through statistical models. One of them, used for tire traction force analysis in this
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work, is the Pacejka Magic formula [46] (its name speaks for itself). The core function
(also known as the Simplified Pacejka Magic formula) connects a slip variable with a force
component in one direction and has the following nonlinear form:

F (s) = c1Fz sin[c2 arctan(c3s− c4(c3s− arctan(c3s)))] (2.12)

where ci are shaping coefficients and s is a slip ratio λ, in case of longitudinal traction force
Fx, and sideslip angle α for lateral traction force Fy. Function (2.12) with appropriate
shaping coefficients for a typical lateral and longitudinal tire force is depicted in Fig. 2.4.

(a) Lateral force. (b) Longitudinal force.

Figure 2.4: Example of lateral and longitudinal forces acting on a tire with dependency
on slip variables.

The Simplified Pacejka Magic formula’s approximation is valid only for pure wheel
acceleration, deceleration, and rotation. However, in reality, each component in the force
vector depends on both slip variables simultaneously. While a wheel slips on a side, the
longitudinal force generation is reduced, and vice versa. That dependency is represented
in the (non-simplified) Pacejka Magic formula, which is omitted in this text for its size
and complexity and can be found in [46]. Nevertheless, its graphical representation is
depicted in Fig. 2.5. Its shape results from the work of the physics standing behind the
traction ellipse concept.

Analyzing those shapes, one can admit the following idea of “safe" or “optimal" driving,
which can be stated in the following way: “Do not overslip too much." These “optimal"
zones are visualized in yellow in Fig. 2.5. When slip variables are going from the middle
zone between two peaks of graphs Fig. 2.4, the tire produces less force. At the same time,
when slip variables pass those peaks simultaneously – the tire starts to lose traction, which
makes the tire almost “useless" in changing vehicle dynamics. As an illustrative example,
the reader can imagine what happens with the lateral dynamics of a wheel when the wheel
is blocked due to over-braking. In that case, the tire will not grip and will not produce
almost any side traction force when the wheel is steered. The same problem is valid for
the whole corner cases when the limits of the traction ellipse are reached. Those limits
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Figure 2.5: Normalized longitudinal tire traction force dependency on both slip variables. Vi-
sualization of the Pacejka Magic formula (full version).

make the vehicle dynamics vulnerable for an inexperienced (or even for the experienced)
driver. Ideas described here made the basement of the driving envelope concept.

2.4 Definition of the Driving Envelope

The driving envelope combines all wheels’ physical limits projected onto the vehicle model
variables. It utilizes ideas described during tire traction limits analysis. First, each wheel
has the maximum possible lateral and longitudinal force (peak values in Fig. 2.4), which
can be generated. After those peaks, there is a plateau or lack of the generated force.
Secondly, when combined force is generated – when the wheel generates lateral force and
longitudinal force simultaneously – each force vector component restricts the maximal
value of the other.

Those physical boundaries are straightforward to express on wheel level dynamics.
However, expressing them on the vehicle level is complex but intuitive for an experienced
driver. Considering only the wheel level boundaries is insufficient to guarantee vehicle ma-
neuverability and stability. Per each wheel, three kinds of dynamics are considered. Each
tire dynamics contributes to vehicle variables constraints (defining the driving envelope).
The boundaries come from:

• lateral dynamics → limits of the sideslip angle of a wheel;

• longitudinal dynamics → limits of the slip ratio of a wheel;
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• combined dynamics → limits of the combined slip of a wheel.

Preserving the driving envelope limits guarantees the stability of vehicle maneuvers
and the controllability of wheels. The stability is defined with a hypothesis (which will
be proven experimentally below) that the vehicle maneuver is stable while wheels are not
blocked, overspun, or skidding. The controllability is defined similarly but considering
the combined dynamics. While the wheel is not blocked or overspun, it can generate
lateral force and change the lateral vehicle dynamics. Analogically, while the wheel is not
skidding on a side, it can generate longitudinal traction force to increase or decrease the
wheel’s translation velocity (and the translation velocity of the vehicle.)

For the sake of simplicity, symmetrical tire characteristics will be considered in the
rest of this work. However, the approach described here can be adapted for any tire
configuration.

2.4.1 Lateral Driving Envelope

The relation between the sideslip angle and the generated lateral force is highly nonlinear.
The graphical representation, slip curve, has three major parts (Fig. 2.6). The central
part, with the almost linear dependency of Fy on α. Secondly, there are two highly
nonlinear shoulders where the traction capacity of a tire is depleted, the wheel starts to
skid to a side, and the resulting lateral force is limited or reduced. Thus, it brings an
idea for the strategy of the driving envelope concept. When the sideslip angle of the
wheel is restricted, the wheel will be operated in the desired middle part of its traction
characteristics. Therefore, mathematically it can be defined using maximal and minimal
possible sideslip angles in the following way:

−αi,max ≤ αi ≤ αi,max, i ∈ {f, r}. (2.13)

Theoretically, the boundary values must be defined precisely at the peak. However,
the previously provided experiments in [36] and [48] show that manipulating envelope
boundaries can be determined with a slight overcome of the peak value to allow the
driver drifting actions during cornering maneuvers. When the boundaries are defined
precisely at the peak force values, the resulting response would be too conservative and
less comfortable for an untrained (unprofessional) driver. The second reason to overcome
peak a bit is that the predictive model is mainly inaccurate (it would never precisely
match the actual vehicle behavior.)

In [36], the envelope limits were referred to as “an envelope defined by tire grip." This
envelope allows for a wider range of lateral vehicle dynamics than the handling envelope
presented in the same work. However, the author notes a drawback: the actuator and
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Figure 2.6: Lateral tire force and example of envelope boundary.

state limits are coupled together (due to the dependency of the sideslip angle of the front
axle on the steering angle (2.3)). This coupling could limit the amount of countersteer
allowed by the controller in situations where the steering angle must be rapidly changed to
stabilize the vehicle. Nevertheless, this limitation can be overcome by tuning the resulting
controller appropriately, ensuring that it is not overly conservative and has the ability to
exceed the defined limits.

2.4.2 Longitudinal Driving Envelope

The principal relationship between the slip ratio and the generated longitudinal force at
the tire-road contact point is the same as for the lateral part. The absolute value of the
slip ratio reaches zones where the wheel is locking (in case of braking), or the wheel gets
more wheelspin concerning the traveling velocity due to a loss of traction with a drivable
surface (in case of accelerating). Therefore, the slip ratio can be constrained in the same
way by maximum and minimum values to avoid wheelspin and wheel-locking situations:

−λi,max ≤ λi ≤ λi,max, i ∈ {f, r}. (2.14)

Choosing those limits rhymes with the strategy described for the lateral driving en-
velope part. When limits are wider, the controller would be less conservative, the lack of
the generated force would be more significant, and the time for the wheel to return to the
“safe" operation region (the middle part of the traction force graph) would be longer.

In [49], it was demonstrated using trimmed twin-track model root locus analysis that
when slip variables exceed the peak values of maximum (or minimum) possible traction
force, the trimmed system becomes unstable. However, this instability can be mitigated
using feedback control that maintains longitudinal slip at a reference value, even if this
value was chosen as unstable (behind the peak value).
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2.4.3 Combined Driving Envelope

The combined driving envelope is introduced to define an envelope boundary, which com-
bines both dynamics. This boundary is derived due to traction limits, which were called
above as traction ellipse (2.11).

A wheel affects the motion of the car body, and the car body can act on the wheel
(Fig. 2.3). The maximum possible force, which can be generated and translated to the
vehicle body, is restricted on each wheel. Because of this force, the vehicle is moving.
However, it works in the other way too. The car can transfer the force vector to the wheel
with a magnitude bigger than the wheel can transfer to the surface. When it happens, the
tire loses its grip on the surface, leading to dangerous situations in cases of lack of control.
When the driver keeps the car moving so that one or more wheels lose the grip and get it
back with frequent changes between those two states, people can find this behavior “fun"
and “interesting." A specific term, “drift," is even created for such vehicle motion.

There are two ways to represent the combined driving envelope boundary. One uses the
resulting combined forces obtained using the Simplified Pacejka Magic formula (2.12) and
restricts its maximum value using inequality (2.11). The other uses one of the combined
slip definitions and restricts the magnitude of the resulting vector. The prior can be
mathematically stated as,

P 2
x (λi) + P 2

y (αi) ≤ 1, i ∈ {f, r} (2.15)

where |P 2
x (λi)| ≤ 1 and |P 2

y (αi)| ≤ 1 are normalized (load and friction independent) curves
of tire traction forces in both, longitudinal and lateral directions. The inequality (2.15)
creates an ellipsoidal boundary of the total normalized generated force vector.

The former needs a definition of the combined slip. This definition will be used later in
this text in the model predictive control formulation because it will reduce the necessity of
nonlinear controller implementation. Also, this choice makes the controller independent
of the changes in the driving surface (which will be discussed later in the text below).

The combined slip is a vector with two components: longitudinal and lateral slips. Slip
ratio and sideslip angle have different units, and they need to be scaled to be combined
into one vector. There are several ways to do that, listed in [47]. This work assumes the
following definition:

σ = [σx σy] =

[
λ

1− λ

tanα

1− λ

]
(2.16)

where σ is a combined slip vector for a particular wheel. Using combined slip definition
and the prior envelope’s notation, the point at which traction forces in both directions
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reach their maximum values can be defined as,

σ∗
x =

λmax

1− λmax

σ∗
y =

tanαmax

1− λmax

. (2.17)

The restriction of the traction ellipse is then can be reformulated as a boundary for
the magnitude of the normalized slip vector as,

|σN| =
∣∣∣∣[σxσ∗

x

σy
σ∗
y

]∣∣∣∣
2

=

√(
σx
σ∗
x

)2

+

(
σy
σ∗
y

)2

=

1− λmax

λmax tanαmax

√
λ2 tan2 αmax + λ2max tan

2 α

|1− λ|
≤ 1. (2.18)

Providing the transformation done in (2.18), the “traction circle" restriction is obtained,
which will be called normalized traction ellipse in this work.

2.4.4 Linearization of Driving Envelope Components

The previously defined constraints of the driving envelope can be used for envelope pro-
tection in nonlinear model predictive control. However, linear model predictive control
would work faster with less computational consumption, and experiments show that the
linear version is sufficient to cover all “safe" vehicle maneuvers. This section derives linear
approximations of the envelope constraints (2.13), (2.14), and (2.18). To do so, let the
author answer the question: “Is it sufficient to assume general single-track with lumped
wheels?" The short answer is: “Not exactly."

Single-track model corrections

The single-track model is sufficient to analyze the lateral and longitudinal dynamics sep-
arately. However, operating with a car involves simultaneous intervention into both dy-
namics under normal operating conditions. The influence of yaw rate on the difference
between slip variables of wheels on the same axle (left and right) is represented only in the
twin-track model. The sideslip angle and slip ratio are dependent on the wheel’s velocity
((2.9), (2.10)). The components of the velocity vector are defined as,(

vxfj

vyfj

)
=

(
cos δ sin δ

− sin δ cos δ

)
·

(
v cos β ∓ wr

v sin β + lfr

)
, j ∈ {l, r} (2.19)

where the term wr, which has a different sign for a different side of an axle, has a low
influence on the lateral velocity of a wheel due to the effect of − sin(δ). On the other
hand, the influence of this term on the longitudinal velocity of the same axle is high due
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to the effect of cos(δ).
While looking at the definition of sideslip angle (2.9) stated here again,

α = − arctan
vy
|vx|

, (2.20)

one can admit that differences in the sideslip angles of wheels placed on the same axle are
small and can be neglected. On the other hand, the dependency of the slip ratio on the
longitudinal velocity component is non-neglectable because this component is presented
on both parts of the fraction

λ =
ωp− vx

max(|ω|p, |vx|)
. (2.21)

Some maneuvers can lead to a dramatic difference between slip ratios of wheels placed on
the same axle due to the vehicle’s rotation around its vertical axis. There are even cases
when one wheel of the axle can have a slip ratio around zero. At the same time, another
wheel can be locked or overspun due to the rotation (this “feature" of vehicle dynamics is
widely used nowadays in stability systems such as electronic stability programs).

Therefore, providing the linearization of the sideslip angle, one can use the same linear
approximation (2.3) for both wheels of one axle. However, linear approximations of slip
ratios have to provide information about their dependency on the yaw rate of a vehicle.

Linear driving envelope components

Following the idea described above, the linear approximation of the lateral driving enve-
lope can straightforwardly use equations used to derive the linear vehicle dynamics:

αf,lin = δ − β − lf
v
r αr,lin = −β +

lr
v
r (2.22)

where v is a non-zero constant vehicle speed at the moment of the controller initialization,
then inequality (2.13) can be applied to linear approximations of sideslip angles to create
a linear constraint of the lateral driving envelope.

Slip ratios have to be linearized concerning saving their dependency on the lateral
dynamics of a vehicle and have to be considered for each wheel and not for each axle:

λfl,lin =
pωf − wr

v
− 1 λfr,lin =

pωf + wr

v
− 1

λrl,lin =
pωr − wr

v
− 1 λrr,lin =

pωr + wr

v
− 1.

(2.23)

Thus, the linear longitudinal driving envelope constraints can be obtained by applying
the inequality (2.14) per each linear slip ratio.
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The normalized combined slip (2.18) could be linearly approximated as follows,

1− λmax

λmax tanαmax

√
λ2 tan2 αmax + λ2max tan

2 α

|1− λ|
=

1− λmax

|1− λ|

√
λ2 tan2 αmax + λ2max tan

2 α

λ2max tan
2 αmax

≈ (1− λmax)

√
λ2

λ2max

+
tan2 α

tan2 αmax

≈ 1− λmax

λmax

|λ|+ 1− λmax

tanαmax

|α|

where the term |1− λ| was approximated by 1, a square root of the sum was approximated
by the sum of square roots, and the tangent was approximated by its argument. Hence,
the linear version of normalized combined slip can be defined as,

σij,N,lin =
1− λmax

λmax

|λij,lin|+
1− λmax

tanαmax

|αi,lin| , i ∈ {f, r}, j ∈ {l, r}. (2.24)

Therefore, to stay inside the traction ellipse, the value of the normalized combined slip
has to be limited by 1:

σij,N,lin ≤ 1. (2.25)

A constant vehicle speed is assumed for the linearization because the controller for the
driving envelope protection will be running at high frequency, similar to, for instance, the
anti-lock braking system.

2.4.5 Graphical Meaning of the Driving Envelope

When the envelope constraints are calculated using the standard nonlinear definitions of
slip variables, it is impossible to transform envelope boundaries to the vehicle state-space
analytically. To investigate how each part of the driving envelope constraints could affect
the resulting “safe" subspace in the vehicle state-space, one can iteratively evaluate each
state of the state-space and check if those envelope components are fulfilled. This simu-
lation used vehicle parameters listed in Table 2.2. The same analysis could be provided
for different car configurations or driving conditions. However, outcomes are expected to
have equivalent results.

The dimension of vehicle state space equals six: three states and three inputs, which
is impossible to visualize. Therefore, the following figures present the most valuable
variables from the state space for the following visual analysis: β, r, and ωf .

Figure 2.7 shows sets of all three nonlinear driving envelope boundaries for each wheel
projected onto the vehicle state space separately. Figure 2.8 presents sets of linear driving
envelope boundaries projected onto the vehicle state space separately.

The linear combined envelope boundary forms a diamond-like set in the (β, ωf , r)-
space, shown in red in Fig. 2.8. At this point, it may not be evident that this boundary
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Figure 2.7: Nonlinear driving envelope applied on vehicle dynamics shown for the front
axle. The envelope is depicted for constant velocity v.

is enough to cover all “safe" vehicle states for the linear case. However, it is evident
from the graphical representation presented in Fig. 2.9, where the intersection of three
envelope boundaries is illustrated. The fact that the combined driving envelope equals
the intersection of all three envelope parts shows that the number of conditions can be
reduced to one (2.25) per wheel.

The intersection of all three nonlinear driving envelope sets from Fig. 2.7 also forms a
diamond-like shape, presented by the blue color in Fig. 2.9. The set, obtained by applying
three linear driving envelope boundaries, sufficiently matches its nonlinear analog. This
fact suggests that only a linear combined driving envelope boundary (2.25) is sufficient
to define all “safe" vehicle states for a wheeled vehicle.

The linear lateral driving envelope (yellow in Fig. 2.7) perfectly matches the nonlinear
set (yellow in Fig. 2.8). Therefore, the lateral driving envelope protection controller could
be linear for all regions, nearly without performance loss. The obtained set looks familiar
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Figure 2.8: Linear driving envelope applied on vehicle dynamics shown for the front axle.
The envelope is depicted for constant velocity v.

after the handling envelope presented in [37], which is analyzed in the next section.

2.4.6 Comparing Driving and Handling Envelopes

A comparison between the boundaries created by the driving envelope and handling enve-
lope [37] in vehicle dynamics would be interesting. Figure 2.10 presents such a comparison,
revealing four white pyramid-like spaces that are included in the handling envelope but
excluded from the driving envelope. This results from applying the longitudinal and com-
bined driving envelope constraints, which can be seen in Fig. 2.7 and 2.8. In these zones,
the produced traction force is already saturated, and the tire reaches its traction capacity.
Despite being controllable in a controllable drift, this behavior can lead the vehicle into
undesired unstable maneuvers. On the other hand, the driving envelope offers a wider
range of possible yaw rate generation with a smaller sideslip angle. This occurs when
the car is slipping in one direction, but it could generate more yaw rate in the same
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Figure 2.9: Comparison of resulting nonlinear (blue) and linearized (red) driving envelopes
applied on vehicle dynamics for the same constant velocity.

direction, reducing the vehicle’s sideslip angle amplitude with time (see (2.5)). However,
the handling envelope restricts these states since it utilizes a steady-state formulation of
boundaries for the yaw rate, resulting in a restriction for lateral acceleration in the center
of gravity.

In Figure 2.10, the system trajectories from different states are depicted after applying
all available inputs, including steering and angular velocities. These states are selected
inside both envelopes, out of one of them and out of both. The simulation aims to
determine if it is possible to return from those states within the predefined constraints,
or in other words, if those sets are feasible. The figures demonstrate that both sets
are feasible – if a state is inside the envelope, a control input exists that returns the
system to that particular envelope. Similarly, when the system is in a state that is close
to the boundary but outside of the envelope, it can also be returned to the envelopes.
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Table 2.2: Used Simulation Parameters

Description Symbol Value Units

Vehicle mass m 942 kg
Yaw moment of inertia I 1297 kgm2

Constant vehicle speed at CG v 20 m s−1

Distance from CG to front axle lf 1.35 m
Distance from CG to front axle lr 1.023 m
Effective wheel radius p 0.2765 m
Maximum possible steering angle δmax 0.35 rad
Half of axle width w 0.68 m
Load force of the front axle Fzf 5257 N
Load force of the rear axle Fzr 3984 N

Shaping coefficients
for lateral tire
dynamics

c1y 1.1 -
c2y 1.3 -
c3y 4 -
c4y −20 -

Shaping coefficients
for longitudinal
tire dynamics

c1x 1.4 -
c2x 1.3 -
c3x 16 -
c4x −10 -

However, when the car is skidding with a high sideslip angle and its yaw rate goes in the
opposite direction, the trajectories would not return inside the envelopes. Such behavior
is dangerous and undesired for the car.

The feasibility of the driving envelope using the invariant set theory is discussed in
the next section.

2.4.7 Feasibility of Linear Driving Envelope

Whereas there is a limited possibility of proving the nonlinear driving envelope’s feasibil-
ity (2.13), (2.14), and (2.15), it is still possible to provide proof for the linear case, which
yields satisfactory results in the closed-loop implementation.

To use algorithm 11.2 for the maximum control invariant set calculation from [50],
an autonomous system from the discretized linear single-track needs to be constructed as
follows,

x
′

k+1 = A
′
x

′

k, where (2.26)

A
′
=

(
Ad Bd

0 0

)
and x

′
=

[
xk

uk

]
. (2.27)

The algorithm calculates intersections of the polytope P from (2.35) (which include all
boundaries applied on the linear system) with future control boundaries (obtained by
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Figure 2.10: Comparison between nonlinear driving and handling envelopes [37] in vehicle
dynamics at constant velocity. The red lines represent system trajectories that depend on
the chosen control input. For any state within both envelopes, a combination of inputs
returns the system to the corresponding envelope. Furthermore, it is possible to return
to the safety envelopes from outer states as well, except for two quadrants.

linear mapping of the polytope P and autonomous discretized linear single-track dynam-
ics A′) until the resulting intersection stop changing. The resulting intersection is the
maximum control invariant set C∞. The term is defined in Chapter 3 of [50].

The driving envelope constraints over a 6-dimensional state-space (2.26) are defined,
including constraints that combine states and inputs of the original system (2.7).

This derivation considers only the combined driving envelope part (2.25). As it was
discussed earlier, only that boundary combined for each wheel in the system is sufficient
to cover the whole “safe" sub-space. Nevertheless, the feasibility of other envelope parts
((2.13) and (2.14)) can be checked in the same manner.

Input constraints and constraints based on the linearization assumption are defined
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over the augmented system as,

Ginx
′ ≤ fin, where (2.28)

Gin =



0 0 0 0 0 1
0 0 0 0 0 −1
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 0 0 −1 0
0 1 0 0 0 0
0 −1 0 0 0 0


, fin =



δmax

−δmin

ξ/p
−ξ/p
ξ/p

−ξ/p
ξ
ξ


, (2.29)

and parameter ξ defines some region around vehicle speed v, where the linearization is
assumed to be trustful. For instance, this value can be set to ξ = 1 m s−1.

Furthermore, constraints based on the normalized combined slip boundaries (2.25) are
derived from its linear approximation (2.24) as,

a |λij,lin|+ b |αij,lin| ≤ 1, where (2.30)

a =
1− λmax

λmax

and b =
1− λmax

tanαmax

(2.31)

and using linear approximations for the sideslip angle of the particular axle (2.22) and
slip ratio of the particular (front left in this case) wheel (2.23),

λfl,lin =
pωf − wr

v
αfl,lin = δ − β − lf

v
r. (2.32)

Thus, the set of constraints for the front left wheel can be written for the autonomous
system as

Gflx
′ ≤ ffl, where (2.33)

Gfl =


b 0 aw+blf

v
−ap
v

0 −b
−b 0 −aw−blf

v
ap
v

0 b
−b 0 aw−blf

v
−ap
v

0 b
b 0 −aw+blf

v
ap
v

0 −b

 , ffl =

1
1
1
1

 . (2.34)

Analogously, constraints for the other three wheels can be derived similarly.
Combining all constraints together, the polytope would be defined as

P =

x
′ ∈ R6 :


Gin

Gfl

Gfr

Grl

Grr

x
′ ≤


fin
ffl
ffr
frl
frr


 . (2.35)

The polytope creation and subsequent numerical operations were performed via the
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MPT3 toolbox [51] in Matlab.
A set in the augmented autonomous vehicle state-space (2.26) is represented by the

polytope P . Within this set, each point simultaneously satisfies combined driving envelope
restrictions for each wheel and physical limits for control inputs. The calculation of
a maximum control invariant set C∞ is enabled by the definition of the set P , which
is a necessary step in the design of any advanced control theory strategy for vehicle
operation. The control strategy will ensure each wheel’s stability boundaries once the
control invariant set is a subset of the polytope P . It is acknowledged that this approach
yields conservative restrictions on vehicle operation due to the linearization step. However,
it ensures that the physical limitations of vehicle operations are aligned with the stability
and feasibility guarantees given by any advanced control strategy.

The maximum control invariant set C∞ ⊆ P can be iteratively calculated for the re-
sulting polytope combined with linearized vehicle dynamics for each constant velocity
using the algorithm 11.2 in [50]. Unfortunately, a calculation can be provided only nu-
merically for any reasonable v and Ts. Figure 2.11 shows the determinedness index of the
maximum control invariant set, dependent on the constant velocity and sampling period
used for the model linearization and discretization. This value tells how many steps the
model predictive control needs to reach the control invariant set. If the system remains
in the maximum control invariant set, the controller will always be able to find at least
some control input, which will keep the system inside the maximum control invariant set.

Figure 2.11: Determinedness index of the maximum control invariant set with depen-
dency on the constant velocity and sampling period used for the model linearization and
discretization. Maximum iterations are bounded by 100.

The maximum control invariant set is nonzero for each polytope defined for a particular
velocity. Its determinedness index is equal to some bounded value (for instance, for low
velocity, it equals 2). That has the following two outcomes:

• Each polytope P defines the feasible set suitable for any model predictive control
algorithms using Theorem 12.2 from [50].
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• That model predictive control has to have the prediction horizon equal to at least
two steps (with dependency on a chosen sampling time Ts and vehicle constant speed
v).

It is to be recalled that physical restrictions applied to the rate of change of the control
inputs were omitted due to the significantly fast dynamics of the steering, powertrain, and
braking systems. However, these restrictions can be incorporated into the definition of
the polytope (2.35).

Figure 2.12 compares the polytope P defined for a constant velocity v from Table 2.2,
the maximum control invariant set C∞, and the iteratively calculated linearized driving
envelope for the same velocity setting.

Figure 2.12: Comparison between projections of polytope P and the maximum control
invariant set C∞ on (β, r, ωf)-space with the linearized driving envelope applied on non-
linear single-track model for the same velocity setting.

The maximum control invariant set C∞ for the linearized single-track model primarily
matches the set obtained by constraining the nonlinear vehicle state-space by a linearized
combined driving envelope 2.25. Although graphs for a specific vehicle cannot guarantee
that the controller for driving envelope protection will always be feasible, they suggest
the possibility of successful application. The graphs indicate that the controller developed
to protect the linear combined driving envelope boundary will primarily keep the vehicle
within the envelope and have a feasible solution. However, it is recommended to use soft
constraints for the driving envelope constraints to ensure the persistent feasibility of the
controller.

Comparing sets P and C∞, it can be observed that projecting the driving envelope
boundaries through the vehicle dynamics to infinite time requires cutting corners, wherein
the vehicle skids and increases rotational speed in the same direction. This state is
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dangerous from a linear model perspective. However, nonlinear vehicle and tire dynamics
might permit such actions, which are shown in the experiments below.

2.5 On Selection of Envelope Boundaries

The driving envelope definition heavily relies on maximum slip values. According to
the Magic Formula for combined slip [Chapter 4 in [46]], the value varies depending on
operation conditions, mainly with a change of complimentary slip variable (e.g., in the
case of the longitudinal force, the sideslip angle dramatically changes the shape of the
curve). Other factors are the driving surface, tire types, temperature, and many other
aspects.

cDx/y

1
2

3

4

Figure 2.13: Relationship of the traction force on slip variable (blue color) and possible
curve changes during driving.

The envelope definition itself is robust with respect to a variation of the road/tire
contact interface friction coefficient or the wheel’s load force (for illustration, consider
cases 1 and 3 in Fig. 2.13). When tire parameters change in the way the peak value
passes the predefined boundary (case 2), the control law, based on the initial definition,
would not fully utilize the maximum tire capacity. However, the vehicle stability would
not be compromised. Conversely, when parameters change so the peak value shifts to the
“left" (case 4), the envelope protection algorithm will allow for controlled wheel traction
loss. However, experiments with real drivers [37] and simulated drivers (section 2.7) show
that skilled drivers prefer a slight “overestimation of maximum slip value"-strategy. In
these cases, the resulting controller is less aggressive and conservative and allows pushing
the car into controlled drifting maneuvers.

In the control strategies described below, the envelope boundaries αmax and λmax are
typically fixed pre-selected nominal values. However, they can also be used as tuning
parameters to achieve better adjustability for the specific vehicle, driver, and driving
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scenario. The selection of these boundaries is subjective and not a straightforward process.
Nonetheless, this flexibility allows control engineers to adjust the parameters to suit the
specific use case, including factors such as the car, tires, surface, and driving maneuvers.
For example, a sport regime could increase the allowed slip limits λmax and αmax, enabling
the driver to operate closer to the limits of tire capacities and perform drifting maneuvers.
In contrast, a highway setting could be defined with less allowed sideslip values αmax to
optimize for driver comfort and increase safety at higher velocities. A city mode could
have wider sideslip boundaries αmax to allow for short turning at low speeds. Modern
car manufacturers already attempt to offer different driving settings, but they typically
only involve suspension changes or different gains from pedals to the drivetrain, brakes,
and steering wheel. The proposed strategy would be more natural concerning the actual
driving physics behind it.

2.6 Control Strategy for Driving Envelope Protection

Based on Model Predictive Control

There are many ways to implement a control structure to protect the driving envelope
constraints. Presented here is the baseline control strategy (below, mostly called DEP
from driving envelope protection) that aims at a conventional car, mainly presented world-
wide on roads, equipped with a combustion engine, front-wheel driven, and steered only
by the front axle. Therefore, angular velocity for the rear axle ωr will be omitted in this
derivation. Nevertheless, the presented DEP could be easily augmented for over-actuated
vehicle platforms, which, for example, use independent motors and/or brakes and possible
steering.

The proposed implementation has been verified using the high-fidelity vehicle dynamics
simulator IPG CarMaker.

+-

1 2 3

Figure 2.14: Schematic representation of the control strategy.

Three important parts of the operation are accounted for in the overall control strat-
egy’s organization.
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1 the projection of the driver’s inputs from the steering wheel and braking and
throttle pedals to the commanded steering angle and angular velocities of the front
wheels;

2 MPC for DEP, which tracks the commanded inputs while subject to constraints
defined by the driving envelope;

3 the projection of the MPC output in the form of the steering angle and angular
velocities of the front wheels to the steering wheel angle and braking and throttle pedals
application.

The control strategy is visualized in Fig. 2.14. The individual definitions and mathe-
matical concepts are presented later in this section. Steps 1 and 3 are introduced to
significantly reduce the computational difficulty of the MPC in Step 2.

To avoid any numerical issues due to division by zero, it is suggested to switch the
controller on when the vehicle speed exceeds some predefined limit (for instance, 1 -
4 [ms−1]) or to use other prediction model and slip definition for low velocities.

2.6.1 Driver’s Inputs Projection

This part contains steering scmd, brake bcmd, and throttle tcmd projection on commanded
control variables δcmd and ωcmd used in (2.4). All of the units are completely adjustable
to fit any car configuration.

For this work, a linear steering projection defined as,

δcmd = ksteerscmd (2.36)

is used.
The brake projection part from Fig. 2.14 serves to map the brake pedal application to

braking torque applied on the front wheels given by

τb = kbrakebcmd. (2.37)

The throttle projection part maps the throttle pedal depression and selected gear
through the known engine characteristics function to the drive torque applied on the
front wheels. The setting “Gas Interpreter” was used for the powertrain control in the
CarMaker environment, which allows assuming linear characteristics between the throttle
pedal and generated engine torque. The whole function of the block can be modeled as

τd = kgear(keng,1tcmd − keng,2), (2.38)
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Table 2.3: Control Variables Description

Description Symbol Units
Commanded rotation of the steering angle scmd rad
Commanded suppression of brake pedal bcmd %
Commanded suppression of throttle pedal tcmd %
Commanded steering angle δcmd rad
Commanded brake torque τb %
Commanded drive torque τd %
Estimated or measured wheel reaction torque τ̂r Nm
Predicted commanded angular velocity of the front axle ωcmd rad s−1

Optimized steering angle δmpc rad
Optimized angular velocity of the front axle ωmpc rad s−1

Decision threshold for braking by the engine kthr Nm
Optimized rotation of the steering angle sadas rad
Optimized suppression of brake pedal badas %
Optimized suppression of throttle pedal tadas %
Steering column gain ksteer -
Braking system gain kbrake Nm
Engine control unit’s linear gain keng,1 Nm
Engine control unit’s affine parameter keng,2 Nm
Drivetrain gear coefficient kgear -
Drivetrain moment of inertia Iw kgm2

Prediction horizon N -
Sampling time Ts s
Reference tracking linear weight R1 -
Reference tracking quadratic weight R2 -
Fast input change penalty Rdu -
Slew slack penalization Qi -
Envelope slack penalization Qe -
Rear axle sideslip angle boundary αr,max rad
Front axle sideslip angle boundary αf,max rad
Front wheels slip ratio boundary λf,max -
Slew rate limit for steering angle ∆u

(1)
max rad s−1

Slew rate limit for angular velocity ∆u
(2)
max rad s−2

Maximum steering angle u
(1)
max rad

Proportional parameter of PI regulator kp -
Integral parameter of PI regulator ki -

where kgear represents the transmission with dependency on the selected gear.
This work assumes linear dependency of steering projection, driving, and braking

torque generation with dependency on control interface interaction. However, equa-
tions (2.36)-(2.38) can be changed and become nonlinear for other characteristics.

The wheel dynamics predictor calculates the angular velocities of the front wheels,
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commanded by the driver, as

ωcmd = ω + Ts · (τd − τb + τ̂r)/Iw. (2.39)

where front wheel tire reaction torque τ̂r is assumed to be measured (or estimated) [52].
For example, this work utilizes the following estimation based on a two-line tire model [11]
with simplistic rescaling of the moment based on the wheel’s sideslip angle to create similar
behavior to Fig. 2.5:

τ̂r =

−0.1 · pF̂fx, 1− 5 |αf | < 0.1

−pF̂fx · (1− 5 |αf |) , otherwise
(2.40)

where the estimation of the traction force is provided as,

F̂fx =


−1.48 · Fzf , λf > 0.096

1.48 · Fzf , λf < −0.096

15.4 · λf , otherwise.

(2.41)

The implementation of braking, driving, and reaction torque is designed to limit alter-
ations in the driver’s perceptual experience. Various methods can be employed to achieve
this objective; for example, the act of depressing the brake pedal might cause a reduction
in angular velocity, while pressing the throttle pedal could result in an increase.

2.6.2 Synthesis of the Model Predictive Control

The crucial part of the presented DEP is an optimization of control variables utilization
with respect to the vehicle physics and driving envelope constraints. To solve this task,
model predictive control is defined. The MPC is formulated as a linear convex constrained
finite time optimal control problem (OCP). The OCP is solved repeatedly in the receding
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horizon fashion [53]. Specifically, the following formulation is considered

min
u0,...,uN−1

N−1∑
k=0

(
R1 |ρ− uk|+ (ρ− uk)

⊺R2(ρ− uk) + (uk − uk−1)
⊺Rdu(uk − uk−1)

)
(2.42a)

+
N∑
k=0

[s⊺i,kQisi,k + s⊺e,kQese,k]

s.t. xk+1 = Adxk +Bduk, (2.42b)

|uk − uk−1| ≤ ∆umax + si,k , (2.42c)

|uk| ≤ umax,k , (2.42d)

si,k ≥ 0, (2.42e)

|σfl,k| ≤ 1 + s
(1)
e,k, (2.42f)

|σfr,k| ≤ 1 + s
(2)
e,k, (2.42g)

|αr,k| ≤ αr,max + s
(3)
e,k, (2.42h)

se,k ≥ 0, (2.42i)

x0 = x(t), u−1 = u(t− Ts) (2.42j)

with a linear-quadratic objective function (2.42a), defined over the prediction horizon N ,
where k is a prediction step. Variable t stands for the time of initialization. Variable ρ
represents a reference vector

[
δcmd ωcmd

]⊺
.

The primary goal of the controller (2.42) is to closely track commanded inputs. To
achieve this, the objective function (2.42a) comprises quadratic and absolute value terms
simultaneously. The quadratic term penalizes significant deviations from the commanded
signals ρ, while the linear term penalizes even the slightest deviations from the reference
and aids in precise tracking when envelope boundaries are not violated. Using both
terms concurrently may increase the computational burden of the solver, leading to longer
computation times and higher costs. Additional tests were conducted to investigate this
potential issue. Surprisingly, results indicated that using both terms decreased the mean
computation time by 5-51% (depending on the specific test scenario from the experiments
section and the term used in the objective function). The quadratic term allows for
fast convergence of the optimization problem from a high error, while the linear term
enables fast convergence from small errors. To ensure the convexity of the OCP, strictly
positive definite factors R1 and R2 are enforced. Additionally, inequality constraints are
augmented with slack variables si ∈ N2

+ and se ∈ N3
+ to avoid infeasibility, entering the

objective function with high penalties Qi and Qe as it is suggested in [54]. The term Rdu

penalizes fast changes of the control variables to make the driving process smoother.
The model predictive control formulation is subject to certain conditions that must be
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met. Constraints (2.42b)-(2.42e) are applied for k = 0, . . . , N−1, while constraints (2.42f)-
(2.42i) are applied for k = 0, . . . , N . Constraint (2.42b) reflects the discretized lin-
ear single-track dynamics from (2.7), whereas inequalities (2.42c) and (2.42d) establish
physical limits on control variables, such as slew protection and maximum values. Con-
straints (2.42f) and (2.42g) delineate the traction rhombus boundaries for the front left
and right wheels, respectively, based on linear normalized combined slip definition (2.24)
and linear approximations for slip variables (2.22) and (2.23). Constraint (2.42h) sets the
boundary for the sideslip angle of the rear wheels, with the sideslip angle defined as (2.22).
Only the lateral envelope part is constrained for the rear axle because the objective car is
front-wheel driven, and brakes are mostly applied on the front axle. Constraints (2.42f)-
(2.42i) are applied to the final state to ensure persistent feasibility. The input vector uN is
set to the previous input uN−1, while the slack variables in (2.42i) and (2.42e) are always
non-negative. The OCP problem is initialized with the initial condition in (2.42j), where
x(t) represents the state measurement, and u(t − Ts) denotes the control action in the
previous sampling instant.

All parameters used for the control strategy are listed in Table 2.3. The maximal
angular velocity for the front wheels u(2)max is time-variant and depends on actual wheel
angular velocity and its slew rate setting as:

u
(2)
max,k = ω + (k + 1) ·∆u(2)max. (2.43)

Each discrete model predictive control has two key designed parameters: the sampling
time Ts and the prediction horizon N . Tuning them is always a tradeoff between having
a short prediction window (to prevent long computations) and sufficiently long to cover
the dynamics of the system. Compared with the vehicle’s rigid body (100-2000ms), a
wheel has significantly fast dynamics (1-10ms). The sampling time Ts must be short to
work with extremely short wheel dynamics. On the other hand, the prediction horizon N
must be long enough according to the short sampling period to operate with slow vehicle
dynamics. This controller focuses on a short prediction horizon N to reduce computation
time and a short sampling period Ts to make a controller fast enough to operate with fast
braking and accelerating dynamics. Moreover, applying the theory of invariant sets, it
could be numerically shown for the chosen linear vehicle model that for small velocities
(under 12 m s−1), the maximum control invariant set could be reached in two steps (see
section 2.4.7). However, with increasing velocity, the number of steps needed to reach
the maximum control invariant set increases. The used sampling period also makes a
vast difference in the determinedness index (see Fig. 2.11). Thus, the prediction horizon
could be variable and dependent on the current velocity of the controlled vehicle. It could
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increase the comfort of the resulting response for the price of the needed computational
capacity. The controller, which was used in simulations, had the prediction horizon con-
stantly equal to three steps. Provided experiments show that chosen number of prediction
steps is sufficient to ensure the functionality of the driving envelope protection for tested
maneuvers.

Remark 1. Soft constraints are utilized to ensure the feasibility property of the con-
troller (2.42), as the driving envelope encompasses the maximum control invariant set
for linear vehicle dynamics within its interior 2.12. This approach permits drivers to
exceed stability boundaries, particularly with regard to lateral vehicle dynamics. To
eliminate soft constraints from the control law, the maximum control invariant set C∞
can be computed using algorithm 11.2 from [50], along with inequalities (2.42c), (2.42d),
and (2.42f)-(2.42h), and the resulting polyhedron C∞ can be employed instead of in-
equalities (2.42c)-(2.42i). However, based on provided driving simulator experiments, the
closed-loop response would be significantly more conservative than the presented solution.

Remark 2. In the event of a change in vehicle configuration, such as switching to a
rear-wheel-driven car, the envelope constraints must be modified accordingly. Inequali-
ties (2.42f) and (2.42g) can remain unchanged, as braking torque is primarily applied to
the front wheels. However, the lateral envelope constraint (2.42h) must be replaced with
the linearized normalized combined slip envelope constraints (2.24) for both rear wheels.
Additionally, the wheel dynamics predictor needs to be adjusted to enable predictions for
the angular velocities of both axles.

2.6.3 Projection of the Controller’s Output

To translate the calculated physical control inputs derived from the optimal control prob-
lem into the steering wheel angle, brake, and throttle pedal application, the MPC output
is projected. Specifically, the output is projected using inverse functions of the steer-
ing projection, which is a straightforward process. The inverse function is obtained by
inverting function (2.36) and expressed as,

sadas =
δmpc

ksteer
. (2.44)

The PI controller is utilized to track the angular velocity of the front wheels while
preventing output saturation and applying a clamping anti-windup method. The target
torque τtrg required by the powertrain or braking system is generated by the PI controller.
To approximate the maximum possible braking:

τtrg,min = −100 · kbrake (2.45)
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and driving:
τtrg,max = kgear(100 · keng,1 − keng,2) (2.46)

torques that can be produced, the torque output of the controller is limited.
To track the target torque by two pedals, a threshold parameter is defined as:

τthr = −keng,2 · kgear. (2.47)

The boundary for generating the target torque is defined by the value of τthr, which
determines whether the brake or throttle must be utilized. The value of τthr is dependent
on the current gear ratio and is set slightly negative to enable braking by the engine when
a small braking moment is required. Thus, braking pedal application can be defined as

badas =

0, τtrg > τthr

− τtrg
100·kbrake

, τtrg ≤ τthr.
(2.48)

In the same way, the throttle pedal application can be defined as

tadas =

0, τtrg ≤ τthr

1
100·keng,1 (

τtrg
kgear

+ keng,2), τtrg > τthr.
(2.49)

To ensure wheel and vehicle stability in each control operation iteration, the driver’s
commands scmd, bcmd, tcmd are replaced by control signals sadas, badas, tadas from the ad-
vanced driver assistance system. Validation of the proposed control strategy using IPG
CarMaker is presented in the following section, along with results from experiments con-
ducted.

2.7 Experimental Validation

For validation of the proposed control structure, IPG CarMaker software [55] was used
to simulate vehicle dynamics in different driving scenarios. The controller structure from
the previous section was implemented in Simulink. The qpOASES [56] solver was used to
solve the OCP (2.42) problem and obtain optimal control inputs. Values for parameters
used during simulations are presented in Table 2.4.

Due to the highly nonlinear nature of vehicle and tire dynamics, theoretical proof of
the stability of the whole closed-loop system is hard or even impossible to provide. How-
ever, stability analysis of vehicle trajectories near the edge of tire capacities is possible.
Therefore, experimental means of verification of the control concept were selected with
four driving scenarios reflecting corner cases of the envelope boundaries. Vehicle maneu-
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vers that can excite different vehicle dynamics: lateral, accelerating, and combined lateral
and decelerating, were chosen. Those tests were designed to bring the vehicle dynamics
close to the driving envelope boundaries (tire traction limits, represented as normalized
traction ellipses for subjected (front) wheels in Fig. 2.15) and to provide data to analyze
the functionality of the proposed control strategy. The proposed controller was designed
to prevent dangerous situations (from the vehicle dynamics point of view) and simultane-
ously provide functionality similar to ABS, TCS, and ESC systems. Four test scenarios
were provided with a comparison to an uncontrolled car.

D

BA

C

Figure 2.15: Normalized traction ellipses during experiments: Case A - sine with dwell
test; Case B - acceleration on slippery surface; Cases C and D - full stops during cornering
maneuvers, with and without a friction slip pad.

The goal was to demonstrate the performance of a controlled vehicle compared to an
uncontrolled one whose dynamics are pushed to the limit at the driving envelope bound-
aries. Unfortunately, there is no available widely accepted benchmark for traditional
vehicle stability systems like ABS, TCS, and ESC, making it impossible to provide re-
producible performance comparisons. Each test result and discussion is presented in a
particular subsection. At the end of this section, the time consumption of the experi-
ments provided on Raspberry Pi 4 is shown to discuss the algorithm’s potential to work
in real-time.

The test vehicle used was “DemoCar," which is the most commonly utilized test ve-
hicle in the CarMaker environment, for the purpose of reproducibility. Table 2.4 lists the
general parameters of the car and control parameters. The project used in this thesis,
which contains the implementation of a control strategy in the Matlab/Simulink envi-
ronment as well as in C++, is available on GitHub [57]. The basic programmed driver
in the CarMaker software operated the test vehicle. All ride test videos have been made
available on the YouTube channel of the author’s research group [58] to facilitate a better
understanding of vehicle motion during provided experiments.
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Table 2.4: “DemoCar" and Control Parameters

Parameter Symbol Value Units
Vehicle mass m 1463 kg
Vehicle moment of inertia I 1968 kgm2

Distance from CG to front axle lf 0.97 m
Distance from CG to rear axle lr 1.57 m
Maximum possible steering angle δmax 0.65 rad
Front tire lateral nominal stiffness cαf 15.4 rad−1

Rear tire lateral nominal stiffness cαr 17.6 rad−1

Half of axles width w 0.789 m
Effective wheel radius p 0.306 m
Drivetrain moment of inertia Iw 2.4 kgm2

Steering column gain ksteer 0.065 -
Braking system gain kbrake 30 -
Engine control unit’s linear gain keng,1 1.95 -
Engine control unit’s affine parameter keng,2 10 -
Drivetrain gear coefficients from 1st to 5th
gears

kgear [12.92, 7.22, ...

5.13, 3.99, 3.04]

-

Prediction horizon N 3 -
Sampling time Ts 0.005 s
Reference tracking linear weight R1 [20, 8 · 10−3] -
Reference tracking quadratic weight R2 diag([20, 8·10−3]) -
Fast input change penalty Rdu diag([20, 0.45]) -
Slew slack penalization Qi 103 · I3 -
Envelope slack penalization Qe 104diag([1, 1, 102]) -
Rear axle sideslip angle boundary αr,max 0.4 rad
Front axle sideslip angle boundary αf,max 0.4 rad
Front wheels slip ratio boundary λf,max 0.3 -
Slew rate limit for steering angle ∆u

(1)
max

2π
3
· Ts rad s−1

Slew rate limit for angular velocity ∆u
(2)
max 1000 · Ts rad s−2

Maximum steering angle u
(1)
max 0.65 rad

Proportional parameter of PI regulator kp 150 -
Integral parameter of PI regulator ki 1500 -

2.7.1 Sine with Dwell

Description

The sine with dwell experiment is a widely accepted method employed to assess the effec-
tiveness of electronic stability control systems. This test deliberately induces oversteering
maneuvers in the vehicle’s dynamics, pushing its lateral capabilities to the absolute limits.
Throughout this experimental setup, both the front and rear wheels of the vehicle actively
generate the maximum lateral forces possible, as indicated by “case A" in Fig. 2.15. Ex-
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ecuted on a standard road surface with an assumed friction coefficient of µ = 1, the
experiment initiates once the vehicle reaches a predetermined speed of 80 kmh−1. This
specific speed is chosen due to the tendency of an uncontrolled vehicle at this velocity
to exhibit oversteering behavior. During the experiment, the driver disengages from the
pedals and performs sinusoidal steering wheel movements, alternating between left and
right. At the peak of the rightward position, there is a momentary pause of 0.5 s seconds
before returning to the neutral position. The steering wheel motion is visually depicted
in the reference signal presented in Fig. 2.16.

Figure 2.16: Sine with dwell at 80 kmh−1. The DEP prevented a driving envelope violation
with quick steering angle action in the direction of the skid. The baseline vehicle went to
an uncontrolled skid.

Figure 2.17: Vehicle trajectory during the sine with dwell test. Blue represents the
trajectory of the uncontrolled vehicle, and orange represents the vehicle with DEP.
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Discussion

Figure 2.16 illustrates crucial observations derived from the conducted experiment. It dis-
closes the test failure of the uncontrolled vehicle, leading to a perilous skid. The trajectory
of the skid is visually represented in Fig. 2.17. This undesirable outcome occurred as a
consequence of the steering wheel turning left, causing the tires on both axles to approach
their maximum leftward cornering capacities. Swiftly altering the vehicle’s direction to-
wards the opposite side induced a rapid change in force generation direction across both
axles. Maintaining this position caused the vehicle to continue rotating, escalating the
sideslip angle and diminishing traction on all wheels. Even returning the steering wheel
to a neutral position did not stop this rotation due to inertia. The vehicle’s dynamics
required time to stabilize, introducing potential risks, especially at higher speeds.

To tackle this issue, instead of waiting for stabilization, the DEP promptly intervened
by making adjustments to the steering wheel to control the sideslip angles, employing
techniques akin to those taught in driving lessons. This rapid adjustment proved to be
effective in stabilizing the car, aligning both the sideslip and yaw rate.

The dashed lines depicted in Fig. 2.16 delineate the boundaries within which the
vehicle should ideally operate. Briefly surpassing these boundaries occurred due to the
presence of soft constraints in the controller (2.42) and reliance on approximate vehicle
dynamics. Nevertheless, subsequent experiments, as presented below, emphasize that
occasional breaches of these boundaries can be deemed acceptable. This allowance is
made to avoid unnecessary interventions by the controller, provided the driver possesses
a deep understanding of the vehicle’s dynamics.

2.7.2 Acceleration on a Slippery Surface with Instant µ Change

Description

Considering the practical aspect of this driving scenario, initiating movement from a
standstill through acceleration is a common action for drivers. However, this seemingly
routine maneuver has the potential to either compromise vehicle dynamics or markedly
improve performance. To illustrate, an experiment was conducted, specifically addressing
acceleration on a slippery surface. The goal was to highlight how the proposed controller
adeptly mitigates wheelspin, all without the need for prior knowledge of low-friction con-
ditions.

This specific evaluation replicates common testing scenarios for traction control sys-
tems. It entails the driving wheels applying maximum forward force, experiencing loss of
traction on a slippery surface, and subsequently regaining traction on a dry asphalt section
(referred to as “case B" in Fig. 2.15). The test initiates on a surface with significantly
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reduced friction, approximately 60% lower than the modeled asphalt value (µ = 0.4).
This low-friction surface spans 20 meters before transitioning to normal conditions with
a friction coefficient of µ = 1). On this latter segment of the road, a vehicle equipped
with sufficient engine power can accelerate smoothly without any apparent issues. Fig-
ure 2.19 presents the experiment track from the bird-eye view, comparing both vehicles’
trajectories.

Figure 2.18: Acceleration on a slippery surface (µ = 0.4) transitioning to asphalt (µ = 1)
at approximately 6.5 s. The DEP controller effectively reduced the wheelspin on the slip-
pery surface, resulting in a significantly higher final velocity at the end of the experiment.

Figure 2.19: Vehicle trajectory during the acceleration test. Each pair of cars is presented
after 2 seconds of motion.
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Discussion

Figure 2.15 presents essential information derived from the simulation. The uncontrolled
vehicle encountered a challenge involving excessive engine torque, leading to the front axle
overspinning. As a result, the slip ratio of the driven wheels reached its peak, signifying a
complete loss of traction. Despite this, these wheels retained some traction to propel the
car forward, transitioning to a dry asphalt surface around 6.5 seconds into the experiment.
A decrease in wheelspin occurred between 4 seconds and 5.5 seconds due to gear switching,
during which the engine briefly disengaged, dissipating energy from the system. However,
following the gear shift, the slip ratio increased again, persisting until the conclusion of
the slippery surface segment.

Conversely, the vehicle equipped with the DEP controller managed to stay within
the designated slip threshold by making throttle adjustments. There was only a single
occurrence of exceeding the boundary, attributed to gear switching. Interestingly, during
acceleration on the slippery surface, both vehicles exhibited minimal velocity disparities,
while the angular velocity of the driven wheels fluctuated considerably. A significant
contrast became evident when both cars regained traction on the dry asphalt surface.

Initially, the uncontrolled vehicle produced a lower longitudinal force as the driven
wheels required time to synchronize their speed with the vehicle. In contrast, the vehicle
under control promptly generated maximum traction force upon reaching the asphalt,
resulting in a substantial speed advantage for the controlled vehicle beyond the 7-second
mark.

Figure 2.20: Lateral response of the vehicle with fully applied acceleration pedal. Unnec-
essary wheelspin reduces the baseline car’s lateral maneuverability (ghost vehicle). The
controlled vehicle (standard color) produced more lateral deviation on the same command
from the steering wheel.

Unnecessary wheelspin reduces the vehicle’s lateral maneuverability and can signifi-
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cantly reduce the handling quality of the front wheels in the lateral direction once the slip
ratio of the front wheels passes its peak value, as their lateral traction capabilities become
exhausted. This can create dangerous situations if any lateral maneuver or disturbance
occurs. Figure 2.20 presents the car’s heading deviation after a step-like change of the
steering wheel position during acceleration on a slippery surface. The vehicle equipped
with the proposed DEP remained laterally controllable throughout the experiment and
could produce more significant lateral deviations for the same amount of steering angle
input due to the utilization of the combined slip for front wheels.

2.7.3 Full Stop during Cornering Maneuver

Description

A critical examination in validating the interplay between ABS and ESC systems involves
a complete stop during a cornering maneuver. This test is designed to assess the vehicle’s
ability to steer the vehicle while executing sharp braking within a corner, as illustrated
in “case C" in Fig. 2.15. The baseline test is executed on dry asphalt, taking into account
the anticipated friction value of µ = 1.

In this scenario, the vehicle initiates a consistent rightward cornering maneuver (see
Fig. 2.22). Suddenly, at the commencement of the experiment, the driver promptly en-
gages the brake pedal for abrupt braking. Owing to the vehicle’s rotation, the inner side
produces more longitudinal traction force compared to the outer side. This disparity in
force arises from a higher slip ratio (correlated with the yaw rate) on the inner side and
the effects of dynamic load transfer. This situation poses a risk of the inner wheel locking
up and losing control, rendering it unable to generate the essential side force needed to
maintain the vehicle on the intended path through steering wheel input.

Discussion

Figure 2.15 presents vital insights derived from the experiment. In the uncontrolled
scenario, the right rear wheel experienced initial locking, followed by the left rear wheel
after a short duration. Once the rear axle locks, even minor modifications in steering
input can induce oversteering, rendering it exceptionally difficult to manage the vehicle’s
lateral dynamics solely through the steering wheel. Consequently, this led to the car
spinning out of control towards the left side of the road, posing a significant risk of an
accident, especially if other vehicles were approaching from the opposite direction.

Preventing such accidents entails slip management, achieved through the regulation
of brake application. This is precisely the action taken by the DEP algorithm. It strate-
gically eased off the brake to avert the locking of the right front wheel. This intervention
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Figure 2.21: Braking test on asphalt from 120 kmh−1 during cornering maneuver. The
DEP controller maintained vehicle control by modulating braking. The uncontrolled
baseline vehicle spun out of control due to the locked rear wheels.

Figure 2.22: Vehicle trajectory during the braking test. Blue represents the trajectory of
the uncontrolled vehicle, and orange represents the vehicle with DEP.
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empowered the driver to steer the car in the correct direction and gradually stabilize it,
even with the right rear wheel locked (while the left rear wheel remained unlocked, al-
most till the end of the experiment due to braking compensation during the experiment,
capable of generating side force).

In the employed driving envelope protection method (2.42), the intentional exclusion
of boundaries for the rear wheel slip ratio in the optimal control problem was done for
simplicity. The aim was to demonstrate that, despite the vital role played by rear wheel
slip ratio in ensuring vehicle stability, the showcased control approach can consistently
ensure maneuver stability. This assertion remains valid even in the most challenging
scenarios where data regarding the longitudinal slip of the rear wheels is not accessible.
In instances where one of the rear wheels becomes locked, the vehicle equipped with this
controller remains controllable and steerable by the driver.

2.7.4 Full Stop during Cornering Maneuver with µ-Split

Description

The optimal configuration for the controller presented assumes a foreknowledge of friction
or load force. However, this experiment serves a twofold purpose: firstly, to delineate the
constraints of the utilized control architecture, and secondly, to investigate a situation
of complete frictional mismatch. To test the robustness of the controller and address
these concerns, added complexity was introduced to the preceding corner braking test by
employing a friction split pad. Deliberately diminishing friction on the crucial right side
of the road heightened the traction capacity difference between the vehicle’s left and right
sides, resulting in a substantial 60% reduction in potential traction. This experimental
scenario corresponds to “case D" in Fig. 2.15. The experiment’s test track can be observed
in Fig. 2.24.

Typically, ABS implementations demonstrate a saw-like action during braking when
wheel locking is detected [59]. This strategy aims to enhance the algorithm’s robustness,
especially when the traction limits of the specific road surface are unknown. By utilizing
this behavior, the algorithm can effectively estimate road friction under the wheels over
several saw-like periods, using it as a threshold to activate ABS operation. However,
it’s essential to highlight that the presented controller does not involve surface friction
estimation; all controller parameters remain constant, and the overall control structure
assumes a standard asphalt friction (µ = 1). This prompts an intriguing question about
how the controller would respond in such a scenario.
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Figure 2.23: Braking on µ-split surface from 120 kmh−1 during cornering maneuver. The
right side of both vehicles was on a slippery road with µ = 0.4. The left side remained on
asphalt (µ = 1.) The uncontrolled vehicle went into an uncontrolled spin. The controller
had no information about the traction of the surface. However, it robustly protected the
vehicle from losing maneuverability by reducing the brake pedal application.

Figure 2.24: Vehicle trajectory during the braking with a split test. Blue represents the
trajectory of the uncontrolled vehicle, and orange represents the vehicle with DEP.
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Discussion

Figure 2.23 presents the results of the conducted experiment. The uncontrolled vehicle
encountered a failure akin to the preceding test. However, in contrast, even in the face of
the road’s unmodeled and unknown friction properties, the demonstrated control frame-
work successfully averted the full locking of the right front wheel – an integral element of
this maneuver.

The braking duration of the controlled vehicle was prolonged because of the diminished
longitudinal force capacity on the right side. An examination of Fig. 2.25, depicting the
normalized traction ellipses during this experiment, reveals a reduced braking capability
due to lower traction capacities on the car’s right side. Although the controlled vehicle did
not violate the traction ellipse boundaries, it exerted less braking force on the slippery
surface. In contrast, the uncontrolled vehicle applied force beyond the tire’s traction
limits, surpassing the traction ellipse boundary and resulting in an uncontrollable spin.

Figure 2.25: Normalized traction ellipses on wheels during µ-split braking experiment
(time-series shown in Fig. 2.23). The right wheels were on the slippery surface, and the
left wheels were on the asphalt. The uncontrolled vehicle initially lost traction on the
right front wheel, which caused a loss of the vehicle’s maneuverability. During cornering
braking, the DEP protected wheel locking and kept the right wheels on the edge of their
traction capacities.

An examination of Fig. 2.23 brings to light a breach of the driving envelope boundaries
concerning the front right wheel. An investigation into the root cause of this infringement,
as depicted in Fig. 2.26, unveils a notable constraint arising from the utilization of the
single-track model within the MPC framework. This model, functioning based on mean
values of angular velocities, may introduce disparities between wheels on the same axle,
leading to deviations from real-world conditions.
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Figure 2.26: Wheel speeds and slip ratios during braking test on the split friction surface.

When the vehicle’s sides encounter surfaces with differing traction properties, partic-
ularly during abrupt braking or rapid acceleration, the angular velocities of wheels on the
same axle – such as the front left and right wheels – may exhibit significant divergence (in
the presence of a differential). However, the single-track model operates based on mean
values. This can lead to situations where, for example, the left wheel experiences almost
negligible slip while the right wheel slips on a slippery surface, resulting in a mean value
that remains permissible within the MPC’s scope. In the context of this experiment, the
controller’s operation with the mean value, along with the soft constraints allowing slight
traversal of the slip ratio boundary, contributed to this discrepancy. In reality, the right
wheel was nearly locked.

Despite these discrepancies, which might be disconcerting for both the vehicle and the
controller, they played a role in the vehicle’s stabilization and the driver’s retention of
control. The current approach employs a global brake and accelerator strategy, but en-
hancing the controller for independent wheel braking/driving could significantly enhance
performance, especially in scenarios with varied driving conditions like this experiment.

2.7.5 Time Consumption of the Experiments

The time for each iteration in the previously mentioned test scenarios was measured to
evaluate the real-time suitability of the proposed algorithm on embedded hardware. These
measurements serve as indicators of the algorithm’s problem definition robustness and the
solver’s ability to handle numerical challenges, especially in complex scenarios.

The computationally demanding segments of the algorithm, involving the formulation
of OCP matrices and the execution of the solver, were coded in C++. The complete
implementation is available on GitHub [57]. Evaluations used closed-loop precomputed
data from the earlier simulations implemented in Simulink. Raspberry Pi 4 executed this
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code designed for embedded systems.
Throughout the assessments, the entire algorithm operated on a single thread on a

CPU with a maximum frequency of 1.5GHz. The elapsed time for each iteration was
recorded and the resulting data is visually presented in Fig. 2.27, with statistical details
available in Table 2.5.

Figure 2.27: Individual step solution times of MPC for driving envelope protection across
corresponding experiments.

Table 2.5: Statistics on Time Consumption

Mean [s] Median [s] Max [s]
Experiment A 0.0006 0.0005 0.0024
Experiment B 0.0010 0.0005 0.0031
Experiment C 0.0005 0.0005 0.0036
Experiment D 0.0012 0.0008 0.0036

Upon initial examination, it becomes evident that every iteration required a duration
shorter than the prescribed sampling period Ts, which is set at 0.005 s. This observa-
tion highlights the clearly defined nature of the OCP, indicating that the solver swiftly
converges to an optimal solution without prolonged computational endeavors. Notably,
both the mean and median time values are even more diminutive, signifying the rapid
convergence of the solver, even when dealing with envelope boundaries that are either
unviolated or closely approached.

Further scrutiny into the start of the acceleration experiment and the conclusion of
braking experiments suggests that the solver necessitates increased computational re-
sources when the vehicle’s speed significantly diminishes, i.e., falls below 4m s−1. This
phenomenon is logically understandable since lower speeds intensify lateral vehicle dy-
namics, influencing the position of poles [60] and resulting in higher eigenvalues in matrix
Ad in (2.7). Nonetheless, the expended time remains within reasonable limits and stays
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below the sampling period. This ensures the derivation of new control values well in
advance of their practical application.

2.8 Other Methods for Driving Envelope Protection

The primary solution for driving envelope protection presented earlier in section 2.6 is the
focus of this work. It involves the use of linear model predictive control to protect the
envelope constraints in a hard way, having complete control authority over the vehicle.
However, there are alternative ways to protect the driving envelope, which are briefly
discussed in this section.

2.8.1 Soft Envelope Protection of the Lateral Driving Envelope

This control architecture was presented at the IEEE Intelligent Vehicles Symposium in
2020 [61]. The main idea is to use haptic torque on the steering wheel, which is felt by the
driver, to communicate the suggested control action from the model predictive control,
which protects the lateral driving envelope.

In general, while driving, the driver mainly perceives the self-aligning torque on the
steering wheel (as seen in Fig. 2.28), which results from the tension of the front tires and
has a non-linear relationship with the sideslip angle of the front wheels. This relationship
is illustrated in Fig. 2.29 and can be described using the simplified Pacejka Magic formula
(2.12). The self-aligning torque provides drivers with additional information about their
vehicle, particularly regarding the understanding of traction limits for the front tires, as its
peak values occur around the same sideslip angles where the tire generates the maximum
lateral traction force. However, this information does not provide insight into the rear
axle’s sideslip.

xM

M

Δ r a, s,

d δd
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y

Figure 2.28: Standard platform configuration. The driver perceives vehicle response in
the form of yaw rate r, lateral displacement of the vehicle ∆s, and lateral acceleration
ay using the brain and feels self-aligning torque Mz on the steering wheel by their hands
while commanding the steering angle δd applying steering torque Md.

In contrast, the lateral driving envelope concept is developed based on the sideslip
angles of the axles, making it possible to provide drivers with information about it. Fur-
thermore, the haptic torque can be used to communicate how close the driver is to the
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Figure 2.29: Dependency of produced self-aligning torque on the sideslip angle of front
wheels.

envelope boundaries. As shown in Fig. 2.30, a feedback loop can be established where
the envelope protection controller suggests “more suitable" steering angles based on ve-
hicle dynamics and predefined constraints. The difference between the commanded and
MPC steering angles is scaled by a linear parameter and sent to the steering wheel’s force
feedback after limiting the rate of the signal and its amplitude.

MPC

+

Δ r a, s, y

Md

Mh

K + -

xδref

δMPC

Figure 2.30: Proposed control architecture platform. The force feedback signal Mh is felt
by the driver instead of self-aligning torque Mz. It is produced based on the guidance
generated by the MPC, which is based on the actual steering angle of front wheels δref ,
vehicle dynamics, and stability boundaries defined by the lateral driving envelope.

In [61], the model predictive control generates the steering angle. It is formulated as
a constrained finite time OCP with quadratic objective function and linear constraints.
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Figure 2.31: ISO 3888-1 double-lane change test specification [62]. All units are presented
in meters. Parameters A, B, and C are linearly dependent on car width w.

Figure 2.32: Histograms showcase the sideslip angles of the front (to the left) and rear
(to the right) axles. The data was collected from the second and fourth parts of the
double-lane change path, where the vehicle executes cornering maneuvers. The histogram
demonstrates that with the Mh mode, drivers experienced a smaller variation in the
sideslip angles of both axles.

Specifically, the MPC is given by

min
u0,...,uN−1

N−1∑
k=0

x⊺kQxxk + (δk − δref)
⊺Qu(δk − δref) (2.50a)

s.t. xk+1 = Adxk +Bdδk, (2.50b)

|δk − δk−1| ≤ ∆δmax, (2.50c)

|αf,k| ≤ αf,max, (2.50d)

|αr,k| ≤ αr,max, (2.50e)

x0 = x(t), u−1 = u(t− Ts) (2.50f)

where only the lateral dynamics of vehicle is considered with state vector x = [β r]⊺,
control input δ and matrices Ad and Bd were obtained by discretization (2.8) of matrix
A and first column of matrix B from (2.5).

Upon comparing this MPC with the MPC for hard envelope protection (2.42), it is
noticeable that the constraints for the combined slip are absent. Furthermore, there is
no need to limit the maximum angle as the OCP aims to follow the commanded angle
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Figure 2.33: A comparison of mean successful rides started with the same initial velocity
provided by all drivers for both modes. The solid blue line represents data from the ride
with Mh mode, dashed green line – Mz.

closely, and if the OCP generates a more extensive suggested steering input, it would
only increase the haptic torque for the driver. The objective function solely consists of a
quadratic term for the reference track as there will always be a minor deviation from the
reference signal that produces a small resistance torque on the steering wheel, providing
the driver with some tactile feedback.

The algorithm was tested using a simulation environment and ten subjects who were
briefly acquainted with the vehicle behavior, specifically on the double-lane change test
depicted in Fig. 2.31. Two cases were compared: self-aligning torque Mz and haptic driver
guidance torque Mh. Despite the uncommon feeling of such steering wheel behavior for
test subjects, there was an overall increase in lateral tire utilization. This increase was
due to smaller sideslip angles of both axles, resulting in greater margins concerning the
driving envelope concept, as seen in Fig. 2.32. Furthermore, there was an increase in
peak lateral tire force utilization, resulting in more agile vehicle behavior during the test
evaluation, as shown in Fig. 2.33.
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2.8.2 Lateral Driving Envelope Protection Using Cascade Con-

trol

The protection of driving envelope constraints can be achieved using various techniques,
including the powerful model predictive control approach as was presented above. How-
ever, this method has limitations, as it requires robust hardware to calculate the optimal
solution in each iteration. Flight envelope structures utilize hierarchical or structural
control schemes, where each cascade part addresses a specific task, such as maintaining
acceleration tracking or providing stability protection, as defined in [63]. This same con-
cept can be applied to driving envelope protection. At the International Conference on
Control, Automation, and Systems in 2021, a novel control scheme was presented, which
changed the conventional driver sense [64]. Drivers generated a lateral acceleration of
the vehicle using a steering wheel, which was tracked in the outer control loop. The in-
ner control loops consisted of logic and feedback control that protects the lateral driving
envelope constraints. Figure 2.34 schematically illustrates this concept.

	Tracking 	Protection 	Protection

Figure 2.34: Schematic representation of the closed loop for cascade control. The primary
objective of the outer loop is to generate and track a reference for lateral acceleration.
Meanwhile, two inner loops are implemented to ensure that the sideslip angles of both
axles remain within the driving envelope constraints. The output steering angle and its
rate are limited before applying to the vehicle.

In the steering control system, the outer loop, presented in Fig. 2.35, has the respon-
sibility of converting the commanded steering angle δdriver from the steering wheel into
the lateral acceleration at the vehicle’s center of gravity aref . The maximal range of this
conversion is determined by a tuning parameter ay,max, which was set to the doubled
gravitational acceleration 2g for the experiments conducted to make the dynamics fast.
The lateral acceleration is subsequently converted into a reference for the yaw rate, as
these two values are mathematically dependent on each other in a steady state as

rref =
aref
v
. (2.51)

A PI controller then tracks the yaw rate reference, which generates the corresponding
steering angle command δcmd.

In the αf protection loop, the sideslip angle is calculated using a nonlinear formula
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PI

Figure 2.35: Lateral acceleration tracking block structure.

from [48], defined as,

αf,cmd = − arctan
(v sin β + lfr) cos δcmd − v cos β sin δcmd

|(v sin β + lfr) sin δcmd + v cos β cos δcmd|
. (2.52)

Suppose the estimated value of the sideslip angle exceeds the upper bound set by the
driving envelope. In that case, the protection system will kick in and take over the
control of the steering angle. This prevents the vehicle from violating the front sideslip
angle envelope. In this case, the new steering angle is calculated using

δαf
=

δcmd , if αf,cmd ≤ αf,max

αf,max + β + lf
v
r , otherwise

(2.53)

which involves using inverse linear kinematics to derive the control input at the edge of
the envelope. Such a step is possible because the front sideslip angle directly depends on
the steering angle without going through the vehicle dynamics. The same strategy can
be used for the other side of the envelope to protect the minimal possible value of the
sideslip angle.

On the other hand, the sideslip angle of the rear axle is dependent only on the vehicle
dynamics states:

αr = − arctan
v sin β − lrr

|v cos β|
(2.54)

and must be controlled using feedback control techniques. Suppose the value of αr exceeds
the upper limit. In that case, the protection system will activate and take over the steering
angle command to prevent a violation of the rear wheel sideslip angle envelope. In this
case, the steering angle is calculated using the following rule:

δαr =

δcmd , if αr ≤ αr,max

krαr,max −Kx , otherwise
(2.55)

where Kx is state feedback with a gain vector K, and kr is a feed-forward term that sets
the steady-state gain. The overall structure works in the same way as in the front wheel
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case, where the rear wheel sideslip angle is kept on the envelope’s edge to prevent it from
violating the maximum allowable restriction.

To compute the state feedback gain vector K, the poles of the closed-loop are placed
in desired positions on the stable half-plane. The feed-forward term is calculated using
the state space matrices Ad and Bd, which are also used in (2.50), as

kr = −1/(C(Ad −BdK)−1Bd). (2.56)

Here, C = [−1, lr
v
] is used to follow the linear approximation of the rear wheel sideslip

angle. The lower limit is protected in the same way.

Figure 2.36: Histogram of tire utilization during cornering maneuvers. Tire utilization
100% means that tires produce the maximal possible lateral force.

This study compared a control strategy with a model predictive control approach, as
defined in (2.50), but for hard envelope protection, where the linear tracking term was
used instead of quadratic to match the commanded steering angle precisely. The study
also included an uncontrolled case where no assistance was given to the driver. Drive
tests were conducted using a high-fidelity vehicle dynamics model on a racing simulator
called “Live for Speed," with eight subjects of varying driving experiences. The statistical
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Figure 2.37: The performance of a cascade control structure on a serpentine road segment.
In sharp turns, the desired yaw rate setpoint cannot be achieved due to the limitations of
vehicle physics. However, the overall lateral dynamics are improved thanks to the preset
used. The boundary for the sideslip angle of the front axle is not fixed and varies based
on the current vehicle speed.

analysis of the results showed that the subjects preferred the model predictive control
approach as it did not alter the vehicle’s dynamics, which the human brain is capable
of approximating on its own while driving. However, the cascade controller was found
to increase tire utilization during cornering maneuvers, as illustrated in Fig. 2.36. These
experiments demonstrate that introducing new advanced driver assistance systems can be
challenging for automotive engineers. Nonetheless, the author believes that such control
augmentation would be beneficial for control elements other than the classical steering
wheel, such as, for instance, PC gamepads. Figure 2.37 shows controller functionality
during a serpentine road segment. This output was generated using a PC gamepad,
which can be seen in the dynamics of reference generation.

2.9 Discussion

This chapter presents a novel approach to characterizing vehicle stability by employing tire
force limits and a control strategy that integrates various vehicle stability functions – such
as ABS, ESC, TCS, and launch control – into a unified design through a single optimal
control problem. The suggested controller exhibits remarkable effectiveness in addressing
unstable maneuvers that could lead to wheel-skidding, locking, and spin for individual
wheels, ensuring comprehensive stability in both lateral and longitudinal directions for
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the entire vehicle.
The conducted experiments highlight the robustness of the controller, particularly its

ability to withstand significant variations in driving surface traction characteristics. The
controller’s independence from the friction property of the driven surface is crucial to the
chosen design approach for the stability envelope.

By consolidating all stability functions within a unified MPC framework, this approach
resolves hierarchy issues among safety systems and integrates existing control systems.
Notably, the definition of physical tire limits (2.25) plays a pivotal role in configuring
safety systems and determining the vehicle’s response across diverse settings.

Furthermore, the proposed control architecture demonstrates seamless operation on
embedded hardware in real-time scenarios, indicating its potential applicability in real-
world environments. Its adaptability to various car configurations and driving scenarios
positions it as a versatile solution, ready to enhance vehicle stability and safety in different
contexts within the automotive realm.

Lastly, the concept of the driving envelope can be applied in various ways and protected
using different methods. Experiments conducted in section 2.8 reveal that employing at
least the lateral part of the driving envelope concept can enhance tire utilization during
cornering maneuvers.



Chapter 3

Environmental Envelope

In this chapter, the environmental envelope and an algorithm for its protection are intro-
duced. The protection algorithm is implemented as a hard envelope protection strategy
by the nonlinear model predictive control. Most of this chapter has been submitted and
is currently under review for publication in the IEEE Transactions on Intelligent Trans-
portation Systems in 2024 [65].

3.1 Introduction

The study of road accidents can reveal the main causes behind them. Data analysis [66]
indicates that 94% of reported road incidents in the United States result from driver-
related factors. Notably, 41% of these occurrences arise from errors in recognition, lapses
in attention, or distractions, while 33% are attributed to incorrect decisions like driving
too fast for the road conditions or misjudging traffic situations [66].

Mitigating these accidents involves two primary approaches. One approach under-
scores the continuous vigilance of vehicles in verifying and responding to driver commands,
proactively preventing collisions, and ensuring adherence to road boundaries, such as [43].
Another solution entails transitioning to automated systems that take charge of decision-
making, excluding the driver from the decision loop.

Research [67] demonstrates how the implementation of simple active yaw control can
significantly diminish road departure accidents. Additionally, systems like lane-keeping
contribute to further reduction of accident numbers [67]. While these systems, incorporat-
ing cameras for detecting lane markings [68], accompanied with some collision avoidance
strategy, play a pivotal role in safety measures, they tend to focus on larger objects,
neglecting smaller road hazards [69].

This dissertation presents an approach that seeks to revolutionize the traditional
method by prioritizing vehicle safety from a wheel-centric viewpoint. The inspiration for

71
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this stems from personal experiences navigating densely populated urban environments,
where non-ideal road conditions frequently lead to significant vehicle damage and discom-
fort for occupants. This challenge extends beyond urban environments, impacting global
highways [70]–[72]. For example, the research highlighted in paper [70] emphasizes that
poor road conditions, particularly characterized by potholes, contribute to approximately
1.5% of road fatalities in India, ominously termed as ‘killer potholes.’

Several methodologies exist for the automated detection of road potholes prior to
accidents, utilizing technologies such as cameras [71] or ultrasonic sensors [70]. To the best
of the author’s knowledge, no research in the field of vehicle dynamics control specifically
addresses small pothole avoidance. There are works on big pothole avoidance [73], [74],
which decide to change a lane if the pothole is detected on the road, which is impractical for
regular situations when, for example, only one lane exists. The approach proposed in this
chapter not only tackles pothole avoidance but also encompasses smaller road hazards like
debris, roadkill, and icy patches – elements that significantly reduce traction. Estimating
the size and detecting smaller road objects can be accomplished through camera-based
techniques, as suggested in [69]. Moreover, camera-based analysis can discern traction
patches, as indicated by research outlined in [75]. Further research [76] employs cameras
to estimate surface roughness in front of the vehicle, information that can enhance driving
comfort in collaboration with the presented control strategy.

Additionally, this text underscores the adaptability and versatility of the presented
control strategy, showcasing its effectiveness not only in addressing potholes and smaller
hazards but also in navigating traditional obstacle avoidance scenarios involving larger
entities such as vehicles or pedestrians, including obstacle prioritization.

However, considering the main focus on a short prediction horizon of 4-20 meters, a
reasonable distance for detecting, classifying, and avoiding hazards, the objective is not
to replace traditional collision avoidance systems, which typically involve phase planning.
Instead, the goal is to augment overall functionality by serving as a middleware between
high-level autonomous systems (or the driver, in the case of human-operated vehicles)
and the low-level controller associated with vehicle dynamics or directly with actuators.

This chapter is organized as follows. Section 3.2 delves into the description of the
general concept of the environmental envelope. Section 3.3 introduces the augmented ve-
hicle model, which incorporates vehicle positioning and heading information. Section 3.4
explains the mathematical concepts of drivable roads, drivable obstacles, and undrivable
obstacles. Section 3.5 focuses on the nonlinear model predictive control used for environ-
mental envelope protection and offers valuable insights into its application. Section 3.6
describes the experiments that were carried out and provides a comprehensive analysis
of the results. Finally, the concluding section offers a summary of the environmental
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envelope topic, highlighting the key findings and conclusions.

3.2 General Concept

In this chapter, an advanced low-level road-keeping system is introduced, seamlessly inte-
grated with collision avoidance, with the aim of emulating the reflex-like behavior observed
in human drivers. Assumptions are made regarding the availability of critical information,
including road lane or boundary coordinates in x, y-dimensions, as well as estimates of
obstacle sizes, classification classes, and their coordinates on the road— all referenced to
the vehicle’s center of gravity (CG).

To shed light on the process, it is necessary to establish the terminology underpinning
subsequent discussions. Envision the vehicle sensing its environment within a defined
range, as illustrated by the green arc in Fig. 3.1. The drivable road, visually depicted
as a shaded area, encapsulates the space between road boundaries (yellow curves). An
obstacle is discerned as the part of the drivable road necessitating avoidance, outlined in
red circles. Multiple obstacles can collectively represent complex shapes, such as vehicles
or other objects.

Obstacle: pothole
Drivable: yes
Priority: low

Obstacle: brick
Drivable: yes
Priority: medium

Obstacle: car
Drivable: no
Priority: high

Figure 3.1: General idea behind the environmental envelope protection strategy.

Obstacles are categorized into two types: drivable and undrivable. A drivable obsta-
cle encompasses anything the controlled vehicle can traverse, necessitating adjustments
solely to the vehicle’s wheels. These are objects with a height below a predetermined
value (vehicle clearance). Conversely, undrivable obstacles are impassable by the vehicle
itself. Each obstacle is assigned a priority, influencing subsequent optimization control,
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contingent on its classification.
The proposed control strategy leverages the benefits of the steer-by-wire technology,

allowing for fluid adjustments to the commanded steering angle. However, the system
extends beyond the confines of steer-by-wire alone; it can be adapted for haptic torque or
torque vectoring to accommodate diverse functionalities. The steering angle is optimized,
whether directed by the driver or an autonomous driving algorithm, ensuring the car’s
wheel trajectories align with the drivable road, avoiding collisions with both drivable and
undrivable obstacles. Ultimately, the vehicle trajectory is optimized to avoid undrivable
obstacles.

The described control law takes the form of an optimal control problem, embodying a
nonlinear model predictive control with boundaries defining wheel positions on the road.
Named environmental envelope protection, this control law utilizes boundaries delineated
by the drivable road and obstacles, crafting a so-called environmental envelope.

3.3 Vehicle Dynamics with Position and Orientation

The establishment of a dynamical model for a vehicle operating within a planar environ-
ment is crucial in understanding the environmental envelope and ensuring its protection.
Various approaches exist for vehicle modeling, ranging from kinematic models [8] to highly
nonlinear twin-track models [77] incorporating complex or linearized tire models. There-
fore, assumptions and guidance criteria need articulation from the outset.

First and foremost, consideration is given to a short, sensible distance of the road
in front of the vehicle, resulting in a small prediction horizon. A 0.5-second prediction
horizon is adopted for this work, implying two key ideas: constant vehicle velocity over
the entire prediction horizon, given the negligible alteration of vehicle dynamics within
such a brief timeframe, and a limited heading change not exceeding 30 degrees due to the
short prediction horizon.

Both factors mentioned above suggest potential decoupling of vehicle dynamics, al-
lowing utilization of only the lateral part. Additionally, trigonometrical functions related
to heading can be effectively linearized using the small angle assumption.

A simple kinematic model is deemed insufficient as it fails to capture vehicle dynamics
and may not be suitable for more aggressive maneuvers. Two possible choices of dynamical
models emerge: single-track and twin-track. Given the classical steering by the front axle
without traction control and independent steering employed in this work, the single-track
model is considered appropriate due to its fewer states and lower computational demand
inside the control loop. The only requirement from the twin-track model, the calculation
of wheel positions in the environment, can be provided within the optimization problem
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without involving the twin-track model.
In vehicle path-generation and tracking studies, researchers commonly employ nonlin-

ear mathematical models [78], [79]. However, due to the short prediction horizon and the
need for real-time computation on embedded hardware, the linear version of the single
track is considered a more suitable dynamical model for this task.

Therefore, as a reference model for the model predictive control, the linearized single-
track model from (2.4) with additional states for vehicle position and heading can be
incorporated to obtain the necessary mathematical description. The used schematic con-
figuration of the linearized single-track and notation for position and orientation states are
depicted in Fig. 3.2 and 3.3, respectively. Variables and parameters of the mathematical
model are listed in Table 3.1. The continuous-time dynamics can be represented in the
state-space form, which will be used in the text below as:

ẋ(t) = Ax(t) +Bu(t) + q (3.1)

where state and input vectors are combined to

x =
[
β r px py ψ

]⊤
, u =

[
δ
]

(3.2)

and system matrices are derived as:

A =



−cfFzf + crFzr

mv

lrcrFzr − lfcfFzf

mv2
− 1 0 0 0

lrcrFzr − lfcfFzf

I
− l

2
r crFzr + l2f cfFzf

vI
0 0 0

0 0 0 0 0

v 0 0 0 v

0 1 0 0 0


, (3.3)

B =

[
cfFzf

mv

lfcfFzf

I
0 0 0

]⊤
, q =

[
0 0 v 0 0

]⊤
. (3.4)

Assuming the vehicle’s speed v and load forces for the front Fzf and rear Fzr axles as
time-variant parameters of the model in the matrices above enables broad simulation
scenarios. However, they are kept constant for one prediction horizon to simplify the
dynamical model.

For the purpose of designing the MPC strategy, the discrete-time vehicle dynamics
defined as:

xk+1 = Adxk +Bduk + qd (3.5)
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Figure 3.2: The single-track model (CG stands for the center of gravity).

Figure 3.3: The inertial reference frame is always defined from the vehicle’s initial position
at time k = 0. The position of the car px and py and its heading ψ are calculated relative
to the initial state.

is used, which was obtained by Euler discretization defined by the following equalities:

Ad = I + TsA, Bd = TsB, and qd = Tsq (3.6)

of the continuous-time system from (3.1) with sampling time Ts.
The position of each wheel is calculated from its placement according to the CG and

updated with the change of vehicle states during the simulation as:[
pxij

pyij

]
=

[
px

py

]
+ dij

[
cos(ζij + ψ)

sin(ζij + ψ)

]
(3.7)

where i ∈ {f, r} and j ∈ {l, r}. Variable dij stands for the distance between the CG and
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Table 3.1: Vehicle Model Notation

Description Symbol Units

Vehicle speed at CG v ms−1

Sideslip angle at CG β rad
Yaw rate at CG r rad s−1

Steering angle of the front axle δ rad
[Lateral, longitudinal] position coordinate of the CG
w.r.t. inertial frame

p[y,x] m

Heading of the vehicle w.r.t. inertial heading ψ rad
Distance from CG to [front, rear] [left, right] wheel d[f,r] [l,r] m
Angle from X-axis to [front, rear] [left, right] wheel ζ[f,r] [l,r] rad
[Lateral, longitudinal] position coordinate of [front,
rear] [left, right] wheel w.r.t. inertial frame

p[x,y] [f,r] [l,r] m

Load force of [front, rear] axle Fz[f,r] N
Vehicle mass m kg
Yaw moment of inertia at CG I kgm2

Distance from CG to [front, rear] axle l[f,r] m
Lateral tires nominal stiffness of [front, rear] axle c[f,r] rad−1

Half of axle width w m

a wheel’s anchor point and is computed as:

dij =
√
l2i + w2 (3.8)

while anchor angle ζ is defined as:

ζij = ± arctan
w

li
(3.9)

and becomes positive for the left side of the vehicle and negative for the right side.
A precise calculation of the position of wheels is not necessary, as some inaccuracy

can be tolerated by the controller due to the significantly short prediction horizon. In
order to reduce computational consumption inside the MPC, the fact that the change in
the vehicle’s heading for a short prediction horizon is small (less than 30 degrees) can be
utilized again. As a result, a linear approximation of (3.7) can be used instead of the
nonlinear equation defined as:[

pxij

pyij

]
≈

[
px

py

]
+ dij

[
cos ζij − ψ sin ζij

sin ζij + ψ cos ζij

]
(3.10)

where sines and cosines become constant parameters as anchor angles are unchanged, and
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the following approximations were used:

sinψ ≈ ψ, cosψ ≈ 1. (3.11)

The positions of wheels (3.10) are then used to define the constraints of the environ-
mental envelope inside the MPC.

3.4 Definition of the Environmental Envelope

The concept of the environmental envelope is expressed as a compilation of points within
the coordinate frame of the vehicle, representing navigable regions within the environ-
ment. These regions encompass pathways accessible to both the vehicle and the wheels.
Within this conceptual framework, three essential terms are introduced: drivable road,
drivable obstacles, and undrivable obstacles. The focus of this section is on formulating
mathematical expressions for these terms. The definition of the environmental envelope
sets the boundaries for optimal control protection, serving as a guardian against violations.

3.4.1 Drivable Road Model Representation

Roads typically consist of three primary types of segments: linear sections, circular arcs,
and clothoids [80]. The first experiment showcases these road segment types (Fig. 3.6).
When modeling drivable roads, the system aims to effectively approximate each segment
type, focusing on relatively short distances. Unlike conventional path-planning approaches
that often use clothoid approximations for defining smooth vehicle paths over longer
distances [80], the proposed system concentrates on significantly shorter distances.

Polynomial approximations of road boundaries are chosen to streamline computational
complexity. Linear approximations suffice for modeling straight road segments effectively.
However, accurate representation of short circular arcs requires parabolic approximations.
A cubic parabola approximation is crucial for intricate design elements like clothoids
due to its inflection point connecting two circular arcs with clockwise and anti-clockwise
rotation directions. These approximations are widely used in vehicle applications for road
lane modeling, including adaptive cruise control, collision warning systems, etc [81]. The
experiment section provides a detailed discussion on the accuracy of distinct polynomial
approximations across various road segments, with Table 3.3 presenting the precision of
different approximations.

In representing the drivable road, a pair of road boundaries described by cubic parabo-
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(a) Regular road with left and right
boundary. A drivable obstacle (e.g.,
pothole) is presented as a restricted
circle in the vehicle coordinate frame.

(b) The drivable road is de-
fined as ruts for the left and
right sides of the vehicle.

Figure 3.4: Two possibilities of drivable road definition concerning the used modeling
technique. The drivable obstacle representation on the drivable road is shown on the left.

las is utilized, defined as:

yroad = a3x
3
road + a2x

2
road + a1xroad + a0 (3.12)

where coefficients an (n ∈ [0, 1, 2, 3]) are derived via curve fitting using the least mean
square method with data points collected from vision perception units. Incorporating
the constraints of the drivable road into the model predictive control involves consider-
ing the boundaries governing the position of each wheel, ensuring they remain within
two parabolic constraints. This formulation allows for overarching constraints for the
drivable surface while accommodating specific constraints for individual wheels. For in-
stance, it enables redefining certain drivable areas from a wheel perspective, allowing for
high-accuracy vehicle guidance. Possible applications include road ruts on snowy ter-
rain or paths within forested rural roads, among others, allowing for more precise vehicle
guidance. Both these concepts are illustrated in Fig. 3.4.

3.4.2 Drivable Obstacle Model Representation

In order to introduce a constraint for the drivable obstacle, circles (or ellipses in general)
are used and defined as:

(xobs − x0,obs)
2 + (yobs − y0,obs)

2 = (robs)
2 (3.13)
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where robs ∈ Robs represents the radius of the circle that bounds an obstacle, and
x0,obs ∈ X0,obs and y0,obs ∈ Y0,obs are position coordinates with respect to the inertial
frame. Sets Robs, X0,obs, and Y0,obs contain the position and sizes of all detected obstacles.
An illustrative representation of such an obstacle is depicted in Fig. 3.4. The circle func-
tion was introduced due to its twice differentiable property. Such an obstacle modeling
approach can be found in literature, as it is utilized generally in optimization-based and
force-field methods [82], [83].

The same modeling principle is utilized if the obstacle cannot be driven over, meaning
that it is higher than the height of the chassis. In the case of undrivable obstacles,
additional limitations are imposed on the front axle’s position to guarantee it resides
outside this circle. This serves to increase the “price" in the algorithm for the vehicle
traversing such obstacles. Comprehensive explanations of these constraints are provided
in the subsequent section.

3.5 Control Strategy for Environmental Envelope Pro-

tection

The depicted schematic representation in Fig. 3.5 outlines the proposed control structure,
encompassing five crucial steps:

1) Obtaining road boundary data and approximating it through cubic parabolas.

2) Estimating obstacle positions, sizes, heights, and classifications.

3) Measuring and estimating the dynamic signals of the vehicle.

4) Retrieving the commanded driver’s steering angle, tracked as the control reference.

5) Actively tracking the commanded steering angle through model predictive control while
adhering to constraints related to drivable roads and drivable/undrivable obstacles.

The reference model within MPC initiates at zero initial position and heading in each
step, incorporating estimated β0 and r0.

This work refrains from delving into the methodology for estimating road boundaries
and obstacle properties. For detailed methods, references are made to [68], [69], [71], [75].
In experiments conducted using IPG CarMaker, direct signal measurements for step 3 are
relied upon. However, various alternative algorithms exist, proposing diverse approaches
to successfully estimate required signals via standard vehicle measurements [84], [85]. The
focus is directed toward the mathematical optimization problem outlined in step 5 and
the underlying logic behind it.
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Figure 3.5: Schematic representation of the control strategy. The visual perception system
supplies the positions of road boundaries in Xroad, Yroad, and obstacles in X0,obs, Y0,obs. The
radii of obstacles are encapsulated within the matrix Robs.

The activation of the proposed control strategy is contingent solely upon the vehicle
speed surpassing the predetermined limit (for example, this work uses v ≈ 4m s−1). This
precautionary measure aims to prevent division by zero speed in (3.3) and associated
numerical issues. Utilizing the kinematic vehicle model, such as described one in Chapter
2 of [8], effectively characterizes vehicle motion, even at such low speeds, enabling the
application of this algorithm for lower velocities.

The formulation of the MPC strategy is provided in the form of a nonlinear nonconvex
constrained finite time optimal control problem (OCP). The OCP is repeatedly solved in
the receding horizon fashion [53]. The OCP is defined as:

min
u0,...,uN−1

N−1∑
k=0

(
R1 |δcmd − uk|+R2(δcmd − uk)

2 (3.14a)

+Rdu(uk − uk−1)
2 +Ruu

2
k + x⊺kRxxk

)
(3.14b)

+
N∑
k=0

[
s⊺i,kQisi,k + s⊺eo,kWQeoseo,k + s⊺eb,kQebseb,k

]
(3.14c)

s.t. xk+1 = Adxk +Bduk + qd, (3.14d)

|uk − uk−1| ≤ ∆umax + si, (3.14e)

|uk| ≤ umax, (3.14f)

si,k ≥ 0, (3.14g)

(pxij,k, pyij,k) /∈ (Xobs, Yobs), (3.14h)

seo,k ≥ 0, (3.14i)

(pxij,k, pyij,k) ∈ (Xroad, Yroad), (3.14j)

seb,k ≥ 0, (3.14k)

x0 =
[
β(t) r(t) 0 0 0

]⊺
, (3.14l)

u−1 = u(t− Ts) (3.14m)
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with a linear-quadratic objective function (3.14a) - (3.14c), defined over the prediction
horizon N , where k denotes the prediction step. Variable t stands for the time of initial-
ization. As it can be seen from (3.14a) - (3.14c), the size of the control horizon is set to
be equal to the prediction horizon N . All parameters used for the control strategy are
listed in Table 3.2.

Table 3.2: Control Variables

Parameter Symbol Value
Prediction horizon N 10
Sampling time Ts 0.05 s
Reference tracking linear weight R1 103

Reference tracking quadratic weight R2 103

Fast input change penalty Rdu 102

High input penalty Ru 102

High state penalty Rx diag([50, 0, 0, 0, 0])
Slew slack penalization Qi 1010

Envelope obstacle slack penalization Qeo 103

Envelope road boundary slack penalization Qeb 104

Slew rate limit for steering angle ∆umax
4π
3
· Ts rad s−1

Maximum steering angle umax 0.65 rad
Safe distance from road border σ 0.2 m

The primary objective of the controller (3.14) is to closely track the commanded
steering angle. The objective function (3.14a) simultaneously incorporates the first and
second norms to the reference to achieve this. The quadratic term penalizes significant
deviations from the reference signal δcmd. In contrast, the linear absolute value term
penalizes even the slightest deviations from the reference and aids in precise tracking when
envelope boundaries are not breached. Weight Rdu in (3.14b) penalizes rapid changes in
control variables to ensure a smoother driving process.

To reduce the optimization algorithm’s use of high steering angles, weight Ru penalizes
wide input angles, while weight Rx penalizes higher sideslip angles. No penalties are
imposed on other states; however, they can be introduced, for instance, by utilizing the
driving envelope constraints.

Inequality constraints are augmented with slack variables si, seo, and seb to avoid
infeasibility of the OCP, with relatively high penalties Qi, Qeo, and Qeb [54] applied when
entering the objective function.

Careful tuning is essential for the weighting matrices Q and R. The matrices in the
Q-group necessitate notably high values to prevent constraint violations and ensure the
smooth tracking of the commanded steering value without abrupt changes, all within the
constraints, a consideration influenced by matrices in the R-group.
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A binary diagonal matrix W is utilized to switch on obstacle constraints and mini-
mize them within the objective. The baseline controller formulation used in this study
only considers two obstacles on the road (η = 2), with each obstacle introducing new
constraints for every subjected wheel and a new slack variable, which is minimized inside
the objective function.

Constraints (3.14d)-(3.14g) are enforced for k = 0, . . . , N − 1. Constraints (3.14h)-
(3.14k) are enforced for k = 0, . . . , N . Constraint (3.14d) represents the discretized linear
single-track dynamics from (3.5). Inequality (3.14e) presents slew protection for control
variable and (3.14f) imposes physical constraints as the maximum possible steering angle.

Constraint (3.14h) is represented by a quadratic inequality with soft constraint, where
softness is provided with a slack variable as:

(pxij,k − pxη0
)2 + (pyij,k − pyη0

)2 ≥ W (η,η)(rη − s
(η)
eo,k)

2 (3.15)

where (pxη0
, pxη0

) ∈ X0,obs × Y0,obs are coordinates of the center of the particular obstacle,
rη ∈ Robs is a radius of the particular obstacle. By setting W (η,η) = 0, this constraint
can be omitted. In the provided implementation, this inequality was applied to the front
wheels only. This was done for two reasons: firstly, to reduce computational consumption,
and secondly, to allow for greater steering angles under normal operating conditions of a
front-steering car, where the sideslip angle β has a small value, resulting in the rear wheels
traveling almost in the same position as the front wheels. Otherwise, the utilization of
greater steering angles would be prevented due to the imprecise linear approximation of
the vehicle dynamics, making the controller too conservative.

For the case of an undrivable obstacle, additional constraints are added to the OCP (3.14)
to restrict the controller from allowing the car to go over the obstacle. One such constraint
would be added for the position of the whole front axle so that the axle does not go over
the detected obstacles. This additional constraint ensures a collision-free trajectory with
undrivable obstacles. However, from the numerical optimization point of view, constraints
for a set of points lying on the front axle are sufficient. To introduce such a restriction in
the MPC, axle points are defined as:

pxaxle
= pxflκ+ pxfr(1− κ), (3.16)

pyaxle = pyflκ+ pyfr(1− κ) (3.17)

where κ ∈ (0, 1) is a predefined parameter for the optimization problem (for example,
κ = 0.5 defines the position of the middle of the axle). Those positions can be constrained
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in the same manner as the position of wheels in (3.15) as;

(pxaxle,k − pxη0
)2 + (pyaxle,k − pyη0

)2 ≥ W (η,η)(rη − s
(η)
eo,k)

2. (3.18)

Constraints for the rear axle or other parts of a vehicle can be omitted because it is
assumed that the rear axle (and the whole vehicle body) will travel almost in the same
trajectories as the front axle. There is no need to use a high number of axle constraints.
Mostly, a couple of the front axle points can be used. For instance, for the experiments
provided in this chapter, only one middle point with κ = 0.5 was introduced in the
problem.

The possible positions of wheels on the road, defined by parabolic boundaries, are
defined by constraint (3.14j). This constraint is implemented as a set of two soft nonlinear
inequality constraints:

pylij,k − a3lp
3
xlij,k − a2lp

2
xlij,k − a1lpxlij,k ≤ a0l − σ + seb,l,ij,k (3.19)

for the left side of the road/rut and

pylij,k − a3lp
3
xlij,k − a2rp

2
xlij,k − a1rpxlij,k ≥ a0r + σ − seb,r,ij,k (3.20)

for the right side of the road/rut. Inequalities (3.19) and (3.20) contain parameters an
(n ∈ [0, 1, 2, 3]), which are coefficients of approximations of the road/rut borders, and
parameter σ, which serves as a padding distance from the border. Theoretically, these
constraints should be applied to all wheels. However, it is sufficient to constrain the front
wheels only for the same reasons as for obstacle constraints.

By applying constraints (3.14h)-(3.14k) on the final state, the persistent feasibility
property is ensured. The inputs from the previous step uN−1 are used to calculate xN+1

by setting the decision variable for the last step equal to them (uN = uN+1), as shown
in (3.14d). The non-negative slack variables are defined in (3.14g), (3.14i), and (3.14k).
The MPC problem is initialized with the initial condition in (3.14l), where the state
measurement is denoted by β(t) and r(t), and the control action in the previous sampling
instance is represented by u(t− Ts).

The OCP (3.14) is calculated at frequency 20Hz, which fully covers the single-track
dynamics (at 3-5Hz [77]) at that frequency. It is shown in the next section that the OCP
can mostly be solved within 0.05 s.

The idea of considering a preview window in front of the vehicle defines the proposed
algorithm, and the size of the window is dictated by the camera properties. An observable
distance of 4-20m in front of the vehicle was assumed in the provided implementation.
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However, the time taken by the vehicle to pass that distance is significantly affected by its
speed. For this implementation, a prediction horizon of N = 10 and a sampling time of
Ts = 0.05 were used, resulting in a prediction time of 0.5 s. This means that the controller
will only be able to look ahead for 4m in front of the car for a velocity of around 30 kmh−1

and 10m when it travels at 70 kmh−1.
The maximum possible viewable obstacle size is also determined by the velocity and the

sampling time. For example, when the vehicle travels at 30 kmh−1, and the sampling time
is 0.05 s, obstacles smaller than 42 cm in diameter would not be visible to the controller.
However, at 70 kmh−1, the controller would be able to “see" only significantly larger
objects, specifically 97 cm in diameter. Therefore, the proposed controller would require
different settings for the number of prediction steps and sampling periods for different
velocities in real-world applications.

3.6 Experimental Validation

Vehicle dynamics simulations across diverse scenarios were performed using IPG Car-
Maker software [55], integrated with MATLAB/Simulink. The controller outlined in the
previous section was incorporated into Simulink through the CasADi framework [86],
and the OCP was solved, yielding optimal control input via the IPOPT solver [87] and
MA27 internal linear solver [88]. A range of road scenarios was examined to validate the
controller’s potential by subjecting the vehicle to challenges that deviate from a secure
environmental envelope.

Various road-keeping scenarios, drivable obstacle avoidance, and tests for undrivable
obstacle avoidance were executed at different speeds, affirming the controller’s efficiency
across dynamic changes. Results and discussions pertaining to the tests are detailed in
dedicated subsections. Additionally, experiment time requirements were explored to assess
the algorithm’s potential for real-time operation on NVIDIA Jetson Xavier, as presented
in the concluding subsection.

To provide a comparison with a baseline controller, which constraints the safe envelope
utilizing the middle-line of a lane and regular formulation of obstacles, adjustments to
the drivable road definition (3.19) and (3.20) were made to align with [43]. Constraints
for the middle of the front axle were defined, ensuring it stays between the maximum and
minimum possible distances from the centerline, described as a cubic parabolic function.
Unlike other solutions, the presented controller allows for the independent definition of
boundaries for the left and right drivable road boundaries. However, the general concept
remains consistent. The baseline controller integrated a traditional obstacle avoidance
algorithm, treating all obstacles as undrivable. Constraints for the middle of the front
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axle were set to avoid obstacles similarly to (3.18), but with an increased obstacle radius by
at least half of the axle width distance w. Adjustments to the weighting factor Qeo = 105

and prediction horizon N = 20 were made to enhance the baseline controller’s ability to
navigate tests without collisions.

For reproducibility, the “DemoCar" was selected as the test vehicle for the same reasons
as for driving envelope tests. Car parameters are detailed in Table 2.4. The entire project,
encompassing control strategy implementation in MATLAB/Simulink, is accessible at [57].
The test vehicle is operated by the standard driver from CarMaker. Videos of all driving
tests are available on the YouTube channel [58] for enhanced clarity.

3.6.1 Drivable Road Keeping

Figure 3.6: Comparison of dynamic road protection at varying speeds on a test track,
contrasting with the baseline control denoted by primes. The driver applied sinusoidal
input and released the steering wheel. The vehicle navigates within road boundaries,
allowing driver control on the track.

The drivable road-keeping functionality underwent testing in two driving scenarios.
In the initial scenario, a test track was devised, encompassing a straight line, a circle
arc, two distinct clothoids, and a polynomial point-to-point connection. The latter ele-
ment is commonly encountered on challenging terrains or racing tracks, necessitating a
reduction in speed before executing cornering actions. Figure 3.6 presents a comparison
between the proposed controller, denoted as “new," and the baseline controller. The re-
sults indicate that both controllers effectively maintain lane-keeping in these challenging
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scenarios. Notably, all line borders were parallel, except for one intentionally designed
segment with an unparallel line. In this instance, the baseline controller, guided by the
centerline, deviated out of the right border, whereas the presented controller successfully
provided road-keeping even on narrow, drivable roads.

Table 3.3: Mean RMS Error of a Polynomial Approximation during Each Track Segment
in Meters

Track Part 1st degree 2nd 3rd 4th 5th
Straight 1.5e−9 1.1e−9 7.4e−10 4.3e−10 2.2e−10
180 deg turn 0.1212 0.0033 0.0012 6.1e−4 4.2e−4
Clothoid 1 0.0506 0.0035 0.0012 6.4e−4 3.8e−4
Clothoid 2 0.0665 0.0032 0.0012 6.3e−4 3.9e−4
Polynomial point-to-point 0.1161 0.0194 0.0058 0.0024 0.0013

This test also aimed to assess the precision of approximating lines with cubic parabo-
las. Table 3.3 demonstrates that the 3rd-order polynomial offers a precise approximation
compared to lower orders. Simultaneously, maintaining precision within one centimeter
highlights the unnecessary use of higher degrees, as it could increase the computational
time for the OCP without an increase in control precision.

Figure 3.7: Drivable road protection at 70 kmh−1, simulating road ruts. The controller
detects ruts at t = 0 and adjusts the steering to align with the tracks. The protection
system allows steering wheel adjustments until the vehicle stays within the predefined
constraints.

The second experiment highlights a functionality unattainable for standard lane-
keeping systems: defining the drivable road as a pair of tracks simulating scenarios such
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as road ruts or rural road driving. In the experiment depicted in Fig. 3.7, the system de-
tects ruts on the road and adjusts the steering action from the driver to guide the wheels
within the ruts (assuming an asphalt surface with a higher friction and surrounded by
snow). The system effectively maintains this drivable road within the experiment while
the driver makes small deviations of the steering wheel to the left and right in a sine-like
manner (as an input disturbance to test the functionality) and then returns the steering
wheel to the neutral position. The controller permits these actions until the wheels reach
the predefined boundaries.

Figure 3.8: Comparison of obstacle avoidance between the proposed and baseline con-
trollers (primed) at 30 kmh−1. Tests involve two obstacles and settings. Rows two and
three show commanded and actual steering positions for both solutions. The last row
displays the distances of the front wheels to obstacles.
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3.6.2 Drivable Obstacle Avoidance

The second test aimed at validating the controller’s ability to navigate drivable obstacles
in various configurations and speeds (30 and 70 kmh−1), comparing it with a traditional
obstacle avoidance formulation. The results are presented in Fig. 3.8 and Fig. 3.8, where
the last row illustrates distances from both front wheels to the center of the obstacles.
These obstacles were modeled with a radius of r = 0.5m, comprising a 0.3m actual
obstacle radius and an additional 0.2m. This adjustment is necessary because a wheel
is modeled as a single point, requiring an increased safety distance to prevent wheel rim
contact with obstacles. For the baseline controller, the modeled radius was set to r = 2m.

Figure 3.9: Comparison of obstacle avoidance between the proposed and baseline con-
trollers (primed) at 70 kmh−1. Tests involve two obstacles and settings. Rows two and
three show commanded and actual steering positions for both solutions. The last row
displays the distances of the front wheels to obstacles.

In the initial section of the road (first columns in Fig. 3.8 and Fig. 3.8), with one obsta-
cle on the right and the other on the left, both controllers swiftly executed steering actions
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to avoid obstacles at both slow and higher speeds. The proposed controller demonstrated
smaller control alterations due to a smaller slack penalization Qoe (this adjustment was
made for the baseline controller because, in the subsequent section of the test, the base-
line controller struggled with a smaller weight). Additionally, the baseline controller faced
difficulty avoiding the second obstacle at a higher speed and passed over it by the right
wheel, as shown in Fig. 3.8. Simultaneously, the proposed controller successfully avoided
the obstacle.

In the designed section (second columns in Fig. 3.8 and Fig. 3.8), where the first
obstacle was positioned between the wheels, allowing the vehicle to pass with minimal
steering wheel adjustment, the baseline controller, implemented in the standard way,
required the entire vehicle to avoid the obstacle.

Comparing both controllers, one can acknowledge that the proposed definition offers
more flexibility for the controller to operate a car safely and with smaller steering wheel
adjustments on a significantly shorter prediction horizon.

3.6.3 Undrivable Obstacle Avoidance

This test scenario validates the controller’s ability to navigate undrivable obstacles. In
this arrangement, a blue car in Fig. 3.10 serves as such an obstacle. The parked car
is enclosed by two circles with a radius of 2m, represented as constraints (3.14i) in the
OCP. With the introduction of an undrivable obstacle, the OCP (3.14) was expanded
with additional axle constraints (3.18). The algorithm anticipated a future violation of
the obstacle constraints, assisting the driver in avoiding a collision with another vehicle
and maintaining the predefined drivable path.

Due to the soft constraints in the OCP, the controlled vehicle deviated from the circle
obstacle constraint but successfully avoided colliding with the blue car. Consequently,
implementing this approach requires reasonable buffering around objects on the road
within the circle-bound boxes or increasing the weighting factor, especially for undrivable
obstacles, as demonstrated in the next test scenario.

3.6.4 Obstacle Prioritization

The mathematical formulation of the obstacle avoidance problem provides an advantage
by allowing the prioritization of obstacles through the definition of weighting factors as-
sociated with obstacle classes. These factors assign varying degrees of importance and
danger to different objects. For instance, driving over an icy surface may pose a greater
risk due to poor traction compared to asphalt. Simultaneously, potholes may be consid-
ered more hazardous than ice patches. Undrivable obstacles, in contrast, present a higher
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Figure 3.10: Undrivable obstacle avoidance at a speed of 60 kmh−1. Red circles indicate
obstacles in the MPC formulation. Distances to objects are computed relative to their
centers.

level of danger than any drivable obstacle, as they have the potential to cause damage to
the vehicle.

In a specific test scenario, two obstacles were introduced on the road: a road irregu-
larity to the right (yellow spot) and a cardboard box (treated as a drivable obstacle for
this scenario to avoid additional constraints of undrivable obstacles) that fell from a cargo
vehicle. Both obstacles were modeled with a radius of r = 1.5m. Recognizing that the
road irregularity is less harmful, it was assigned a lower priority with a corresponding
lower weighting factor, Qeo, set to 103, compared to 106 for the box. To illustrate, the
same experiment was also conducted without the cardboard box, demonstrating that, in
this scenario, the vehicle would successfully avoid the road irregularity.

The simulation experiment results, presented in Fig. 3.11, confirm the hypothesis that
obstacle prioritization is achievable. When the controller faces difficulty finding a clear
path, it prioritizes navigating over the less significant obstacle. This prioritization concept
can also be applied to drivable road constraints. For example, assigning a higher weight to
the main lane boundary than to road ruts or prioritizing physical boundaries like concrete
borders over mere lines enhances the adaptability of the controller in navigating complex
road scenarios.
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Figure 3.11: Test on obstacle prioritization at 50 kmh−1. Prime notations illustrate the
controller’s input and output signals for the second scenario, featuring only the presence
of a road irregularity.



CHAPTER 3. ENVIRONMENTAL ENVELOPE 93

3.6.5 Computational Time Demands of the Experiments

The evaluation of execution time for each iteration in the previously outlined test scenar-
ios aimed to ascertain the real-time feasibility of the proposed algorithm on embedded
hardware. These measurements offer insights into both the algorithm’s problem definition
robustness and the solver’s capability to handle numerical challenges, particularly in com-
plex scenarios. The computationally intensive segments of the algorithm, including OCP
implementation and solver execution, were coded in C++. The entire implementation is
accessible on the open GitHub [57]. These assessments utilized closed-loop precomputed
data from the aforementioned simulations in Simulink. The code ran on the NVIDIA
Jetson AGX Xavier, a hardware choice often employed in autonomous driving control
frameworks for its graphic modules dedicated to image processing. However, this algo-
rithm utilizes only the CPU.

Throughout the evaluations, the entire algorithm ran in a single thread on a CPU
with a maximum frequency of 2.2GHz. Elapsed time was recorded for each iteration,
and the results are visually presented in Fig. 3.12, with statistical data available in Ta-
ble 3.4. The experiment naming convention includes A for drivable road keeping, A1 for
lane protection, and A2 for rut-road; B for drivable obstacle avoidance, with B1 and B2
corresponding to specific columns in Fig. 3.8 and B3 and B4 corresponding to specific
columns in Fig. 3.9; C for undrivable obstacle avoidance, and D for obstacle prioritiza-
tion, with D1 indicating scenarios with both obstacles presented and D2 for situations
with only one obstacle.

Figure 3.12: Individual step solution times of MPC for environmental envelope protection
across corresponding experiments.

An initial observation reveals that all iterations required less time than the speci-
fied sampling period Ts, set at 0.05 s. This emphasizes the well-defined nature of the
OCP, suggesting that the solver swiftly converges to an optimal solution without ex-
tended computational efforts. Notably, both the mean and median time values are even
smaller, demonstrating the solver’s rapid convergence when dealing with unviolated en-
velope boundaries.

Further investigation into obstacle avoidance exposes spikes in the time consumption
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Table 3.4: Statistics on Time Consumption

Experiment Mean [s] Median [s] Max [s]
A1 0.0158 0.0150 0.0280
A2 0.0125 0.0120 0.0160
B1 0.0150 0.0110 0.0250
B2 0.0114 0.0100 0.0290
B3 0.0139 0.0100 0.0310
B4 0.0144 0.0110 0.0330
C 0.0125 0.0100 0.0380
D1 0.0149 0.0100 0.0410
D2 0.0133 0.0100 0.0390

plot, indicating slower convergence of the solver for used obstacle definitions. However,
these spikes still occurred within the sampling time and solver call duration (which were
the same).

These results affirm the robust performance of the chosen OCP definition and suggest
the potential adoption of such a control law for real-world scenarios.

3.7 Discussion

This chapter presents a novel approach to delineating safe space boundaries for a vehicle,
considering the perspective of the wheels. This approach holds the potential to navigate
small road obstacles and areas with reduced friction or high roughness. Its mathematical
adaptability allows for application in standard lane-keeping and obstacle-avoidance sce-
narios. Building on the environmental envelope methodology, it is possible to introduce
a new category of safety systems that can act as middleware between traditional path
planning and tracking systems (or human drivers) and lower-level control systems. This
ensures maneuver safety for both vehicle and wheel security. During this work, a com-
parative analysis of this approach against traditional systems that define lane boundaries
based on the middle lane and treat each obstacle as requiring avoidance by the entire
vehicle was conducted.

The resulting safety systems have undergone successful testing in various driving sce-
narios and operate in real-time on embedded hardware. However, a limitation of this
approach serves as a potential avenue for future work - the algorithm presented in this
chapter assumes each obstacle is static. Therefore, addressing the incorporation of moving
obstacles into the optimization problem emerges as a primary target for future research
in this field.
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Conclusion

In conclusion, the development of future driver assistance systems will go beyond vehicle
stabilization and encompass considerations of environmental and stability threats to vehi-
cle safety. With advancements in sensing and actuation capabilities, automated systems
can take on more responsibility in ensuring vehicle safety, alleviating human drivers from
the pressure of achieving flawless control.

This dissertation introduces a straightforward and effective approach to defining safety
and stability criteria for vehicles. The discussed paradigm shift moves away from a vehicle-
centric perspective to a wheel-level perspective (by projection of the wheel states to the
vehicle level) in defining stability and safety criteria. The driving envelope specifies desired
vehicle maneuvers that maintain both vehicle and wheel stability, allowing for the tuning
of vehicle behavior based on wheel stability regions. Simultaneously, the environmental
envelope, also introduced in this work, defines a safety space based on vehicle dynamics
and vehicle perception. This safety space considers drivable and undrivable obstacles,
enabling prioritization between them.

The controllers presented in this research, known as envelope protectors, employ a
pathless model predictive control approach that enables fast, real-time optimization on
embedded hardware. Extensive experiments conducted on a high-fidelity vehicle dynam-
ics simulator demonstrate that driving envelope protection combines the functionalities
of commonly used systems, such as anti-lock braking, traction control, and electronic
stability programs, into a single optimization problem. This approach could serve as an
additional safety layer for other advanced driver assistance systems, enhancing their func-
tional safety. Additionally, environmental envelope protection provides the functionalities
of lane-keeping and collision-avoidance systems. It can be utilized as a standalone ADAS
or integrated into complex ADAS systems to enhance overall safety.

In summary, the proposed control framework presents a compelling alternative to ex-
isting stability control systems and the prevalent path tracking and following paradigm
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employed in automated vehicle control. It offers a comprehensive solution that ad-
dresses safety, stability, and obstacle prioritization, contributing to the advancement of
autonomous and human-governed driving technologies. With the integration of envelope
control, future driver assistance systems can provide enhanced safety and control in a
variety of driving scenarios.

4.1 Future Work

The research project can make an impact and contribute to the field by inspiring innova-
tive and thought-provoking research directions. The envelope control framework, intro-
duced in this dissertation, may serve as the foundation for several new research projects
addressing various vehicle control issues.

4.1.1 Autonomous and Semi-autonomous Vehicles

The primary focus of the proposed control framework’s design revolves around its collab-
oration with a human driver or its mathematical equivalent. Nonetheless, this framework
holds potential for application in the control of autonomous or semi-autonomous vehicles.
By effectively integrating both envelopes (along with their protective controllers) into
a control scheme for driverless vehicle operation, they can act as robustness providers
at a lower level for the path and trajectory planners and trackers at the upper level.
Developing a fully autonomous vehicle is a significant endeavor, but these adapted enve-
lope controllers are well-suited to serve as coordinators for steering, braking, and throttle
commands, enabling the accomplishment of higher-level objectives in a fully autonomous
vehicle. This transformation simplifies the control problem by converting the complex task
of generating safe and feasible trajectories in the environment into higher-level objectives,
such as the desired path or desired longitudinal and lateral forces that can be transformed
into the actuation of the control elements while simultaneously ensuring vehicle safety.

4.1.2 Application for Other Wheeled Vehicles

The concept behind these envelopes can be applied beyond just passenger cars. In theory,
any wheeled vehicle experiences the same physics related to wheel slipping and position-
ing during motion. This means that any mobile robot propelled by wheels can benefit
from the approaches discussed. Additionally, other motorized vehicles like tracks, buses,
and motorbikes can also adopt the same theory of envelope control, albeit with suitable
modifications. The existing controller can be readily enhanced, such as by incorporating
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rollover prevention measures, to accommodate the operation of taller vehicles like SUVs,
buses, and tracks.

4.1.3 Ethics of Obstacle Prioritization

The proposed controller employed for protecting the environmental envelope relies on
multiple objectives to guarantee secure operation. Through experimental observations, it
has been demonstrated that these objectives occasionally clash, necessitating the estab-
lishment of a hierarchical structure with tiered costs. This structure serves as an objective
hierarchy, enabling the controller to navigate such situations effectively. In essence, the
envelope controller incorporates an ethical framework, and ongoing research seeks to in-
vestigate the potential impact on the design of these control systems when evaluated from
different established ethical perspectives. This interdisciplinary endeavor aims to bridge
the gap between the realms of philosophy and engineering.

4.1.4 Application on V2X

V2X technology allows vehicles to gather additional information about their surround-
ings. This includes data from the environment and other vehicles, providing valuable
insights into road conditions, friction, movement, and future paths. This information can
be used to enhance control algorithms by imposing new constraints. For instance, the
environmental envelope protection system can utilize the predicted movement of undriv-
able obstacles and the position of drivable obstacles on the road from far away, while
the driving envelope protection system can assess friction ahead of the vehicle and adjust
tuning parameters to improve performance.

4.2 Outlook

By leveraging recent advancements in vehicle actuation and sensing, the proposed enve-
lope control framework demonstrates significant potential in guaranteeing vehicle stability
and safety. This research emphasizes the capabilities and possibilities of next-generation
driver assistance systems, which aim to protect drivers from unwanted vehicle movements
and environmental hazards. These systems will assume a more active role in driving, al-
leviating the current burden on drivers and enhancing vehicle safety. By delegating some
of the responsibilities to an envelope controller like the one presented, it becomes possible
to combine the precision and attentiveness of machines with the critical thinking skills
of humans or to reduce the complexity of the problem for the higher-level automation
system. These advanced driver assistance systems will revolutionize the driving experi-
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ence, improving both the nature and safety of driving while preserving the mobility and
flexibility that automobiles offer to drivers.
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